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STOCHASTIC BLOCKMODEL

B node groups (“blocks”)

I nr → size of block r
I ers → number of edges between blocks r and s
I pr

k → degree distribution of block r

κr = ∑
s

ers/nr, er = ∑
s

ers

P.W. Holland, K.B. Laskey, and S. Leinhardt, Social Networks 5, 109 (1983)
B. Karrer and M. E. J. Newman, PRE 83, 016107 (2011)



NOT COMMUNITY STRUCTURE!
OR BETTER, NOT only COMMUNITY STRUCTURE...

s

r

Communities
s

r

Bipartite

s

r

Core-periphery
s

r

???



ANALYTICAL TRACTABILITY

Suitable for analytical calculations

Heterogeneous mean-field approximations, block averages, etc.

Microcanonical entropy, S = ln Ω

S = −E−∑
k

Nk ln k!− 1
2 ∑

rs
ers ln

(
ers

eres

)

T. P. Peixoto, “Entropy of stochastic blockmodel ensembles” arXiv:1112.6028



PROCESSES ON NETWORKS
ROBUSTNESS OPTIMIZATION

I Percolation (size of giant component)
I Dynamical stability of Boolean dynamics

What is the most robust large scale structure?



NETWORK EVOLUTION
EXPONENTIAL RANDOM GRAPH APPROACH

Main objective: null model for robustness

Ensemble of networks in thermodynamic equilibrium

i→ network realization , Ri → robustness

Obtain a desired robustness, but otherwise maximize entropy.

πi ∝ eβNRi

β→ selective pressure

β = 0 (fully random) β→ ∞ (optimal topology)



FREE ENERGY MINIMIZATION

F = −NR− S/β

S = −N ∑
k

pk ln k!− 1
2 ∑

rs
ers ln

(
ers

eres

)

R→ Heterogeneous mean-field

Constraint: 〈k〉 kept fixed (edges are expensive)



PERCOLATION

S→ size of macroscopic component

φ→ dilution (random or targeted)

R = 2
∫ 1

0
S(φ)dφ

R ∈ [0, 1]

Interdependence! 0.5 0.6 0.7 0.8 0.9 1.0
φ
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Buldyrev et al. Nature 2010
T. P. Peixoto, S. Bornholdt, arXiv:1205.2909



PERCOLATION
GENERATING FUNCTION FORMALISM

ur = ∑
s

mrs
[
1− φ̂sf s

1(1) + φ̂sf s
1(us)

]
φ̂r = 1− f̂ r

0(1−∑sm̂rsS0
s ) + f̂ r

0(0)

ur → prob. not in GC via neighbor
φ̂r → prob. has not failed via dependency neighbor
mrs = ers/nrκr, m̂rs = êrs/nrκ̂r,

Sr = φ̂S0
r , S0

r = f r
0 (1)− f r

0 (ur)
S = ∑r wrSr, wr = nr/N, φ = ∑r,k wrpr

kφr
k

T. P. Peixoto, S. Bornholdt, arXiv:1205.2909



PERCOLATION: EXAMPLE

T. P. Peixoto, S. Bornholdt, arXiv:1205.2909
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Generalization of two-interdependent networks, “network of networks”, etc.



PERCOLATION: OPTIMIZATION

T. P. Peixoto, S. Bornholdt, arXiv:1205.2909
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PERCOLATION: OPTIMIZATION

T. P. Peixoto, S. Bornholdt, arXiv:1205.2909
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PERCOLATION: OPTIMIZATION
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PERCOLATION: OPTIMIZATION

T. P. Peixoto, S. Bornholdt, arXiv:1205.2909

β = 10 β = 20 β = 40

Backbones...



PERCOLATION: OPTIMIZATION
WITH INTERDEPENDENCE

T. P. Peixoto, S. Bornholdt, arXiv:1205.2909
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PERCOLATION: OPTIMIZATION
TARGETED ATTACKS?

How about targeted attacks?

Fully random topologies are almost always better...



PERCOLATION: OPTIMIZATION
DEGREE CONSTRAINTS

T. P. Peixoto, S. Bornholdt, arXiv:1205.2909

Random failure
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PERCOLATION: OPTIMIZATION
DEGREE CONSTRAINTS

T. P. Peixoto, S. Bornholdt, arXiv:1205.2909
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PERCOLATION: OPTIMIZATION
DEGREE CONSTRAINTS
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DYNAMICAL ROBUSTNESS AGAINST NOISE
BOOLEAN NETWORKS AND GENE REGULATION

σi(t + 1) = fi (σ(t))

Noise P
0

1

0

0

1
1

1f1
f2

f3
f5

f4 f
6

f7

0
1
0

0
01

1 1
0
0
1

1

σ4σ6 f3

br(t + 1) = ∑
k

pr
kmk

(
(1− 2P)∑

s
ws→rbs(t) + P

)

R = −∑r wrbr(∞)

T. P. Peixoto, PRE 85, 041908 (2012)



DYNAMICAL ROBUSTNESS AGAINST NOISE
BOOLEAN NETWORKS AND GENE REGULATION

Random topology

increasing β−−−−−−→

Segregated core
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T. P. Peixoto, PRE 85, 041908 (2012)



DYNAMICAL ROBUSTNESS AGAINST NOISE
BOOLEAN NETWORKS AND GENE REGULATION
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T. P. Peixoto, PRE 85, 041908 (2012)



DYNAMICAL ROBUSTNESS AGAINST NOISE
BOOLEAN NETWORKS AND GENE REGULATION

Saccharomyces cerevisiae Escherichia coli

T. P. Peixoto, PRE 85, 041908 (2012)



CONCLUSION

I Stochastic blockmodels are useful.
I Robust topologies are simple!
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