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- ) tThhe numlbaer offazrcs ?Lthe thlrt])strste dti_?raph of a h¥pte_rard§qtﬁa 5. 311 YT (Iwg (&) — [Iwg, (a)|]) = 0.5 \
Stract € numpber or Z-patns o € Dipartite representation n m N _ _
arc. An example is a hyperare with t(e) Nh(e) = 0, Se) 6'2':1ZJ=1(|V‘@§;(bJ)| L|We+i,-(b1)|J) 0.5

' : & has|t(e®)||h(e®)| dipaths andt(e®)| + |h(e®)| vertices. B(e) has
The topology of metabolic networks [2] has DI | 1 It + )] diuaths andt(e) e 4+ 1

often been studied using reaction-reaction 0 vertices. It makes sense to use the substrate digraph fer ap:

: : lyzing biological networks to find short paths from eductsl an
substrate dlgraphs [3]’[1]' SpUFIOUS effects products. The common construction of a substrate digragdslo

of such projections of the original dihyper-- most informations about allocating educts or products &z+e

graph have also been extensively commente tions. We want to define a weighted model of the substrate di-
graph to keep a biochemically relevant part of those allonat

upon. We study here how such projections unfortunately, different dihypergraphs may have the saute s

can be improved at the expense of introduc. Strate digraplS(H) such that we cannot always find a unique
mapping that send§H) to H. In the following we give a weight

ing Weights on the arcs. construction on such substrate digraphs to keep weightsrbet
and to reduce the number of weighted dihypergraphs that-dete

mine such a digraph.
Definitions
y Weighted Substrate Digraph
e a directed hypergraph or dihypergraph H is a tuple(Vy, &1) First some basic definitions:
with
—\Vy is a set of vertices Forec &y,act(e),be h(e):
—eache € & is an ordered tuplé€t(e),h(e)) such that(e) is f _
the tail andh(e) the head o, both are multisets ow (4(6). (€)= 28»% !I tgeg = Egeg
. L : 11(€).12(e)) = Irit(e)| > (h(e
e W,(b) Is the number ob being in the multisem ° ’ L
r:(is)the cardinality of a multisen () B <G
*Im Y o C (a) = (2 t(8) - [h(€)) - W) (@)

(@)

o further we call a set with assigned weights to the elements
weighted set

e if mis a weighted set them® denotes the maximal underlying
set such that we assign weight 1 to every element of

e adirected graph or digraph D is a tuple(Vp, Ep) with

—\p is ase.t of vertices Wi (a) = (—1)2(). (cz (@) + [h(e)|)
—the weighted arcs are of the forme =
((a,b), (wg (a),wg (b)) with wo(a) € Q is the weight

of a € Vp andw (b) € Q is the weight ofb € Vp, we will D : 77 — % maps dihypergraphs to directed graphs:

simply write (wg (a)a,wZ (b)b) D(H)
o if e= (a,b) is an weighted (hyper-) arc thehdenotega®, b°) *VbH) =W
o (f1-a, f2-b) isan arcirkpy) if there is a hyperare € & with
If all weights are 1 in a hyperdigraph we will not draw them in act(e),beh(e) andf, =w; (a) andf, =wZ (b)

the pictures.
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FIGURE 1: A dihypergraph on seventeen nodes and seven D(H)
hyperarcs. b —2%
1 —24 d
Substrate Digraph FIGURE 3: The weighted digrap®(H) is uniquely deter-
mined by the weighted directed hypergradh The two

weighted hyperarcs induce exactly 4 weighted arcs.
Unweighted (with weight 1 on every vertex) substrate digrap

The substrate digraph [4] S(H) of the dihypergrapli is the di- Some Properties:
graph which considei, as vertices. There is an arc fra& V4

tob € Vi if there is ane € &, with a € t(e) andb € h(e). For a subdihypergrapfve, €) of H = (Viy, 6y) induced bye € &,

follows :

1. [|we (a)|] =[t(e)] and] jwg (b)|]
2.] Yact(e) ((IWe ()] = [Iwg ()[]) - [h
3.| Tach(e (|(We (8)] — LIwg (a)]]) - It
4.e’induces aﬁ, inD(H)

lh(e)| foraet(e),be h(e)
)|
e)))]

(€)])| = 0.5
(€)))| = 0.5

In the following we restrict us to directed graphs in whiclegy
arceis containedinanarcs&t = (U U {e&jjwithe =

FIGURE 2: Substrate Digraph of the dihypergraph in FIG- i=1,...,nj=1,...m o
URE 1. (&, bj) for which the following conditions 1- 9. are satisfied:
1. for fixedi: wg, (&) = wg, (&), k,I € {1,...,m}
One advantage of the substrate digr&iH ) over a bipartite rep- 2. for fixed j: g (bj) = wg, (b)), k,I € {1,...,n}
resentatiorB(H) of a dihypergrapiH is that it has much fewer 3. Uwe—”(ai)u = Uwgfg(af)UVi,f c{l,...,n}vj,ge{1,...,m}

dipaths and vertices. Moreovd3(H) contains the hyperarcs of : .
P (H) yP 4. [wg (b))]] = | We, (bg) [ J¥i. f € {L.....n}Vj.g € {1,.... m}

H as vertices. J &) €tg /
L
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7.ifm<n=wg (&) > 0,wg (bj) < OVi, ]
8.iffm>n=wg (&) < O,ng(bj) > OV, |
9.iff m=n=wg (&) > 0,wg () > 0OVi,

The set of digraphs which satify these conditions will beated
asy'.

Define D* : &' — 57 that maps weighted digraphs &’ to
weighted dihypergraphs as follows:

D* maps a set lik&’ to the hyperar& with eductsa, a, .. ., a,
and weightswie (a) = 2m(| g, (a)]] — |wg, (&)]) |, (a)]]
for fixed j and productsby,..., by with weights wie (bj) =
2n(L|ng(bj)|j - |ng(bj)|)L|ng(bj)|j with fixed i in the arc set
é&n. If the setE’ C Ep is not such a set it is mapped to the empty
arc.

H=

D*(D(H))

FIGURE 4. Weighted Substrate Digraph induces a unique
dihypergraph such th&t equalsD*(D(H)).

FIGURE 5: In this figureH has two dihyperarcs with the
same head and the same weight distribution 96 & sub-
graph ofD*(D(H)).

Conclusions

v

e Given an ordered arc set which induces a weighted directe¢d
circuit C C Ep . If C does not fulfill the following condition
for every vertex

The integer part of the absolute value of the in-going weight
IS greater or equal than the integer part of the absolutesvall
of the out-going weight.

then the subdihypergraph EfinducingEc Is not autocatalytic
(every tail of an hyperarc is contained in another head of |a

graph).
e H is a directed subhypergraphDf (D(H)).

e Assume a dihypergraph with weight 1 everywhere. For
S(H) exists a dihypergraphl’ with S(H) = S(H’) such that
for all complete bipartite subdigraphs exist a dihyperargli
with the same vertex set. 8 H) contains a complete bipartite
subdigraph with more than two vertices then there are thrge
directed directed subhypergraphsttfthat also induc&(H ).
ForD*(D(H)) isD*(D(H)) C H".

| thank P.-Y. Bourguignon, Konstantin Klemm, Bruno Pace, Ja

tiftung.

—

hannes Rauh, Peter Stadler and especially the Volkswaﬁv




