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Supersymmetry provides a natural playground for the construction of kinetically constrained lattice fermion
models showing weak ergodicity breaking. The supersymmetric algebra naturally induces non-ergodic dynamics,
as we illustrate here by introducing a fermionic equivalent of the PXP model with an adjustable chemical potential.
This model is closely related to the N = 2 supersymmetric 𝑀1 model. Supersymmetry directly implies that the
dynamics exhibit periodic revivals for specific initial states, including the Z2-ordered (every second site occupied)
product state. These dynamics are reminiscent to those of the PXP model, a paradigmatic toy model in the field
of quantum many-body scars. We draw a further parallel by uncovering quantum many-body scar-like eigenstates
obeying sub-thermal entanglement scaling at energies given by (plus or minus) square roots of integers and relate
these to special eigenstates of the 𝑀1 model.

I. INTRODUCTION

Starting from the experimental observation of periodic re-
vivals in the dynamics of programmable atom quantum simula-
tors [1, 2], it is by now well-established that quantum many-
body systems with (emergent) constraints can avoid thermaliza-
tion up to time scales much longer than naively expected [3–6].
The breakdown of ergodicity in such systems can often be
related to a small number of highly non-thermal eigenstates
known as quantum many-body scars [7, 8], in loose analogy
to the single-particle quantum scars first observed by Heller
in 1984 [9–11]. These eigenstates occur at finite energy den-
sity, thereby strongly violating the eigenstate thermalization
hypothesis [12–14].

Several mechanisms leading to weak ergodicity breaking
(i.e., the partial breakdown of ergodicity) through the emer-
gence of quantum many-body scars have been identified by
now. Among these are the presence of an approximate hidden
SU(2) algebra [15–18], a spectrum generating algebra [19–
24], the proximity of the model to integrability [25, 26], or
Bethe-ansatz integrability [27]. In this work, we focus on
a less-studied mechanism that could induce weak ergodicity
breaking in constrained quantum many-body systems: super-
symmetry [28–30]. As we point out, supersymmetry imposes
a non-ergodic structure on the eigenstates that can not be cap-
tured by ordinary conservation laws such as particle number or
momentum conservation.

The 𝑀1 model provides a relatively well-studied example
of a supersymmetric constrained lattice quantum many-body
system [31, 32]. It describes short-range interacting spinless
fermions on a chain (although it can naturally be defined on
any graph), subject to the constraint that two neighboring sites
can not be occupied simultaneously. The model is integrable
by the Bethe ansatz [31–34], and can be realized experimen-
tally [35, 36]. Ref. [37] recently studied weak ergodicity break-
ing for the 𝑀1 model on hypercubic lattice geometries. It was
found that a number of highly non-thermal eigenstates, inter-
preted as quantum many-body scars, can be found thanks to the
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supersymmetry. In this work, we use the 𝑀1 model on a chain
as a starting point to construct a fermionic equivalent of the
(hard-core bosonic) PXP model. The PXP model [7, 8, 38, 39]
provides a paradigmatic toy model in studies on quantum many-
body scars and weak ergodicity breaking [3–6].

The aim of this work is twofold: First, we show how the
algebraic structure of supersymmetry can be used to construct
kinetically constrained lattice Hamiltonians displaying weak
ergodicity breaking (Sec. II). While the procedure holds more
generally, we focus on the 𝑀1 model for concreteness, for
which the resulting Hamiltonian represents a fermionic version
of the PXP model with an adjustable chemical potential:

𝐻PXP =
𝑁∑︁
𝑖=1

𝑃𝑖−1
(
𝑐
†
𝑖
+ 𝑐𝑖

)
𝑃𝑖+1 + 𝜇𝐹 , (1)

expressed in terms of fermionic creation/annihilation operators
𝑐
†
𝑖

and 𝑐𝑖 , projectors 𝑃𝑖 = 1 − 𝑐
†
𝑖
𝑐𝑖 , and the total fermion

number operator 𝐹. This model is introduced in detail in
Sec. III. We show how the supersymmetry of the 𝑀1 model
leads to exact and approximate periodic revivals in the quench
dynamics for specific initial states, including the Z2-ordered
(every second site occupied) product state (Sec. IV). Periodic
revivals for a small set of initial states, typically including
the Z2-ordered product state, are often seen as a hallmark of
quantum many-body scarring and have also been observed in
the dynamics of the PXP model [7, 8].

Second, and of independent interest, we identify special
eigenstates of the 𝑀1 Hamiltonian on a chain, supporting a
matrix product state (MPS) description with small bond dimen-
sion and a resulting sub-thermal entanglement scaling (Sec. V).
These special eigenstates, occurring at energies given by plus
or minus square roots of integers when considering the PXP-
like fermion model, can be thought of as quantum many-body
scars. Similar special eigenstates at energies given by plus or
minus square roots of integers have similarly been observed
for the PXP model [40, 41].
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II. SUPERSYMMETRY

Supersymmetric quantum mechanics provides a versatile
tool for the construction of constrained lattice fermion models
showing weak ergodicity breaking. An N = 2 supersymmetric
quantum model is described by a Hamiltonian of the form

𝐻𝑆 = {𝑄,𝑄†} = 𝑄𝑄† +𝑄†𝑄 , (2)

where the supercharge 𝑄 is an operator that squares to zero,
𝑄2 = (𝑄†)2 = 0 [28–30]. The operators 𝐻𝑆 , 𝑄, and 𝑄† can
be seen as the generators of a Lie superalgebra. Specific real-
izations of this Hamiltonian can be obtained by taking 𝑄 and
𝑄† to be fermionic annihilation and creation operators, respec-
tively, with additional (kinetic) constraints. This Hamiltonian
can be directly seen to be positive semi-definite, such that all
its eigenvalues are non-negative. Supersymmetry allows for
the identification of two classes of eigenstates: All zero-energy
eigenstates |𝜓〉 come in singlets obeying 𝑄 |𝜓〉 = 𝑄† |𝜓〉 = 0,
while eigenstates |𝜓〉 with a strictly positive energy obeying
𝑄 |𝜓〉 = 0 have degenerate superpartners 𝑄† |𝜓〉. All eigen-
states with strictly positive energy can hence be arranged in
such doublets.

When 𝑄 and 𝑄† act as fermionic annihilation and creation
operators one can introduce a fermion number operator 𝐹

satisfying

[𝐹,𝑄] = −𝑄 , [𝐹,𝑄†] = 𝑄† . (3)

Observing that [𝐹, 𝐻𝑆] = 0 shows that the fermion number is a
conserved quantity. In the following, we focus on Hamiltonians
of the form

𝐻 = (𝑄 +𝑄†) + 𝜇𝐹 , (4)

where 𝜇 is a free parameter having the interpretation of a chem-
ical potential. Such Hamiltonians have recently appeared in
Ref. [42] in the context of central spin models. As one direct
illustration of constraints that supersymmetry imposes on the
dynamics of this model, we can consider the evolution of the
total fermion number. While the total number of fermions 𝐹
is no longer conserved, the dynamics of the fermion number
under the dynamics of 𝐻 are generically non-ergodic. Con-
sider, for example, a state |𝜓〉 with a fixed fermion number,
i.e. 𝐹 |𝜓〉 = 𝑓 |𝜓〉. This state is a superposition of eigenstates
of the supersymmetric Hamiltonian (2) with 𝑓 fermions. The
Hamiltonian (4) only couples these eigenstates to their super-
partners, which have fermion number 𝑓 + 1 or 𝑓 − 1. The
fermion number of the time-evolved state |𝜓(𝑡)〉 = 𝑒−𝑖𝐻𝑡 |𝜓〉
is thus highly constrained, since supersymmetry implies that

𝑓 − 1 ≤ 〈𝜓(𝑡) |𝐹 |𝜓(𝑡)〉 ≤ 𝑓 + 1 , (5)

preventing the system from reaching an ergodic steady-state
value for which typically 〈𝐹〉 corresponds to half-filling.

III. PXP-LIKE FERMION MODEL

As a concrete realization of a supersymmetric lattice Hamil-
tonian, the starting point of our discussion is the N = 2 su-
persymmmetric 𝑀1 model [31, 32]. The 𝑀1 model describes

spinless fermions hopping on a graph, subject to a nearest-
neighbor blockade that forbids two neighboring sites to be
occupied simultaneously:

𝑄 =
∑︁
𝑖

𝑃 〈𝑖〉𝑐𝑖 , 𝑃 〈𝑖〉 =
∏
𝑗∈〈𝑖〉

(
1 − 𝑐

†
𝑗
𝑐 𝑗

)
. (6)

The sum runs over all sites 𝑖, and 〈𝑖〉 denotes the set of sites
neighboring site 𝑖. On a chain, 〈𝑖〉 = {𝑖 − 1, 𝑖 + 1} subject to the
periodic boundary condition 𝑖 + 𝑁 ≡ 𝑖. The annihilation (cre-
ation) operators 𝑐𝑖 (𝑐†

𝑖
) obey the standard fermionic anticom-

mutation relations {𝑐𝑖 , 𝑐 𝑗 } = {𝑐†
𝑖
, 𝑐

†
𝑗
} = 0 and {𝑐𝑖 , 𝑐†𝑗 } = 𝛿𝑖 𝑗 .

The operators 𝑄 and 𝑄† describe the annihilation (creation)
of fermions while taking into account the nearest-neighbor
blockade constraint, respectively. Because of destructive inter-
ference related to the fermionic anticommutation relations, all
resulting interactions act locally (nearest-neighbor and next-
nearest neighbor). Although the 𝑀1 model can naturally be
defined on any graph, in what follows we restrict the focus to a
chain. The resulting supersymmetric Hamiltonian (2) is known
as the 𝑀1 Hamiltonian on the chain and reads

𝐻𝑀1 =
𝑁∑︁
𝑖=1

𝑃𝑖−1
(
𝑐
†
𝑖
𝑐𝑖+1 + 𝑐

†
𝑖+1𝑐𝑖

)
𝑃𝑖+2 +

𝑁∑︁
𝑖=1

𝑃𝑖−1𝑃𝑖+1 . (7)

The Hamiltonian consists of the sum of a kinetic part describ-
ing constrained hopping and a potential part and we again fix
periodic boundary conditions. We obtain the corresponding
PXP-like fermion model 𝐻PXP studied in this work by sub-
stituting 𝑄 as defined in Eq. (6) on the chain geometry in
Hamiltonian (4), giving

𝐻PXP =
𝑁∑︁
𝑖=1

𝑃𝑖−1
(
𝑐
†
𝑖
+ 𝑐𝑖

)
𝑃𝑖+1 + 𝜇𝐹 . (8)

This Hamiltonian can naturally be seen as a fermionic equiv-
alent of the PXP model. Indeed, the PXP model is recovered
for 𝜇 = 0 when replacing the fermionic operators 𝑐†

𝑖
and 𝑐𝑖 by

their hard-core bosonic analogs.

IV. PERIODIC REVIVALS

The dynamics of the PXP model show approximate periodic
revivals for specific initial states [7, 8]. Periodic revivals for
a small set of initial states including, in particular, the Z2-
ordered product state, are often seen as a hallmark of quantum
many-body scarring [3, 4]. Here, we show analytically that the
quench dynamics of the PXP-like fermion model (1) exhibits
exact and approximate periodic revivals for properly chosen
initial product states.

Exact revivals. Among others, exact revivals can be ob-
served in the dynamics for the Z2-ordered product state. We
denote this state as |Z2〉, which can be obtained from the vac-
uum state |0〉 as |Z2〉 = 𝑐

†
2𝑐

†
4 . . . 𝑐

†
𝑁
|0〉, where 𝑁 is taken to be

even. The important observation is that this state is an eigen-
state of the 𝑀1 Hamiltonian as it is annihilated by the kinetic
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part, having an energy 𝐸 = 𝑁/2 from the (diagonal) potential
part, where 𝑁 is the number of sites. Specifically, we have that

𝐻𝑀1 |Z2〉 = (𝑄𝑄† +𝑄†𝑄) |Z2〉 = 𝑄†𝑄 |Z2〉 =
𝑁

2
|Z2〉 , (9)

where we have used that 𝑄† |Z2〉 = 0 because of the block-
ade constraint. If we now consider the action of the PXP-like
Hamiltonian (1), we find that this state is no longer an eigen-
state, but rather gets coupled to its superpartner 𝑄 |Z2〉, which
in turn only couples to |Z2〉. This Hamiltonian acts on these
two states as

𝐻PXP |Z2〉 = 𝑄 |Z2〉 +
𝜇𝑁

2
|Z2〉, (10)

𝐻PXP𝑄 |Z2〉 = 𝑄†𝑄 |Z2〉 +
𝜇(𝑁 − 2)

2
𝑄 |Z2〉

=
𝑁

2
|Z2〉 +

𝜇(𝑁 − 2)
2

𝑄 |Z2〉 . (11)

Taking into account the normalization of 𝑄 |Z2〉, which satisfies
〈Z2 |𝑄†𝑄 |Z2〉 = (𝑁/2)〈Z2 |Z2〉 = 𝑁/2, the Hamiltonian (1) of
the PXP-like fermion model can be restricted to the subspace
spanned by the normalized states {|Z2〉, 𝑄 |Z2〉/

√︁
𝑁/2}, where

it takes the form

𝐻PXP =

(
𝜇𝑁/2

√︁
𝑁/2√︁

𝑁/2 𝜇(𝑁 − 2)/2

)
. (12)

The eigenvalues 𝐸± in this subspace directly follow as

𝐸± =
𝜇(𝑁 − 1)

2
±

√︂
𝑁

2
± 𝜇2

4
. (13)

As such, under the dynamics of Hamiltonian (1), the state |Z2〉
will exhibit Rabi oscillations with its superpartner at frequency√︁

2𝑁 + 𝜇2. In the absence of a chemical potential, i.e. 𝜇 = 0,
the dynamics is particularly simple, and the fidelity F (𝑡) =

|〈Z2 |𝑒−𝑖𝐻PXP𝑡 |Z2〉|2 can be directly calculated as

F (𝑡) = cos2

(√︂
𝑁

2
𝑡

)
, (14)

showing perfect revivals with period 𝜋/
√︁
𝑁/2.

The structure discussed here more generally holds for eigen-
states of the 𝑀1 Hamiltonian. For a doublet of eigenstates |𝜓〉
and 𝑄 |𝜓〉 where |𝜓〉 has energy 𝐸 and fermion number 𝑓 , the
Hamiltonian (1) takes the form

𝐻PXP =

(
𝜇 𝑓

√
𝐸√

𝐸 𝜇( 𝑓 − 1)

)
. (15)

As such, starting from an initial eigenstate of the 𝑀1 Hamilto-
nian, the dynamics will consist of periodic oscillations within
the two-dimensional subspace of the corresponding doublet
with Rabi frequency 𝜔 =

√︁
4𝐸 + 𝜇2 𝑓 2. Note that singlets re-

main eigenstates of the PXP-like Hamiltonian, since they are
annihilated by both 𝑄 and 𝑄†.

Approximate revivals. Next to the exact revivals discussed
above, approximate revivals can be observed in the dynamics
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FIG. 1. The fidelity F (𝑡) [Eq. (18)] for the dynamics of the PXP-
like fermion model with 𝑁 = 30 sites initialized in a single-particle
product state. The dashed line shows the envelope 𝐽2

0 (𝑡/
√
𝑁 − 2)

appearing in the large-𝑁 approximation as given in Eq. (19). The
inset shows the difference ΔF (𝑡) between the exact fidelity (18) and
the large-𝑁 approximation (19). The fidelity exhibits approximate
revivals at times scaling as

√
𝑁 , and decays as 1/𝑡 at late times.

when the system is initialized in a single-fermion product state.
The PXP-like fermion model only couples states with a single
fermion, 𝑓 = 1, to the vacuum state with no fermions and to
states with two fermions, i.e. 𝑓 = 0 or 𝑓 = 2, following our
discussion in Sec. II. First note that in the single-fermion basis,
the 𝑀1 Hamiltonian drastically simplifies to a tight-binding
Hamiltonian, since in this sector all projector terms evaluate
to unity. While the states in the two-fermion basis are more
complicated, the relevant eigenstates for the dynamics can be
directly obtained from the supersymmetry.

The single-fermion eigenstates of the 𝑀1 Hamiltonian are
plane waves

|𝜓𝑘〉 =
1
√
𝑁

𝑁∑︁
𝑗=1

𝑒𝑖𝑘𝑐
†
𝑗
|0〉 , (16)

with the momentum 𝑘 ∈ (−𝜋, 𝜋] given by an integer multiple
of 2𝜋/𝑁 , and the corresponding energy 𝐸𝑘 given by

𝐸𝑘 = 𝑁 − 2 + 2 cos(𝑘) . (17)

Because of the supersymmetry, each of these single-fermion
eigenstates forms a degenerate doublet with a two-fermion
eigenstate 𝑄† |𝜓𝑘〉/

√
𝐸𝑘 , except for the state with 𝑘 = 0, which

forms a degenerate doublet with the vacuum since |𝜓𝑘=0〉 =

𝑄† |0〉/
√
𝑁 .

We can now consider the dynamics of an initial single-
fermion product state, where we again take 𝜇 = 0 for con-
venience. Such a state is an (in absolute value) equal superpo-
sition of all plane-wave single-fermion eigenstates |𝜓𝑘〉. By
the same reasoning as followed above, the fidelity following a
quench from a single-fermion product state under the dynamics
of the PXP-like fermion model evolves as

F (𝑡) = 1
𝑁2

(∑︁
𝑘

cos
[√︁

𝐸𝑘 𝑡

] )2

. (18)
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For large system sizes this summation can be approximated
by an integral which, along with a Taylor expansion in 1/𝑁
and the application of basic trigonometric identities, yields the
more insightful form

F (𝑡) ≈ cos2 (
√
𝑁 − 2𝑡) 𝐽2

0

(
𝑡

√
𝑁 − 2

)
, (19)

where 𝐽0 is the Bessel function of the first kind. The fidelity ex-
hibits fast oscillations with period 𝜋/

√
𝑁 − 2 due to the squared

cosine term, and slow oscillations with period 𝜋
√
𝑁 − 2 due to

the oscillations of the Bessel function. The Bessel function ad-
ditionally induces an envelope that evolves as 1−𝑡2/[2(𝑁−2)]
at early times, and as

√︁
(𝑁 − 2)/2/ 𝑡 at late times. The fidelity

hence exhibits a slow power-law decay as 1/𝑡. Fig. 1 shows a
numerical illustration for a system of size 𝑁 = 30. The devi-
ation ΔF (𝑡) of approximation (19) from the exact result (18)
can be seen to be negligibly small, at least up to moderately
late times. We observe from this result that the fidelity of
this model exhibits approximate revivals at times scaling with
system size as

√
𝑁 for initial single-fermion product states.

V. EIGENSTATES AND EIGENSPECTRUM

The Hamiltonian (1) exhibits additional structure since the
𝑀1 Hamiltonian is not just supersymmetric but also inte-
grable. We here first briefly review the exact solution of
the 𝑀1 model, following the presentation of Refs. [31, 32].
The Bethe ansatz parametrizes the eigenvalues and eigenstates
in terms of parameters 𝜇 𝑗 ( 𝑗 = 1, 2, . . . , 𝑓 ). The eigenstate
|𝜓〉 = |𝜇1, 𝜇2, . . . , 𝜇 𝑓 〉 corresponding to a set of parameters is
expressed in terms of excitations created on top of the vacuum
state |0〉 as

|𝜓〉 =
∑︁

{𝑖1 ,𝑖2 ,...,𝑖 𝑓 }
𝜑(𝑖1, 𝑖2, . . . , 𝑖 𝑓 )𝑐†𝑖1𝑐

†
𝑖2
. . . 𝑐

†
𝑖 𝑓
|0〉 (20)

with

𝜑(𝑖1, 𝑖2, . . . , 𝑖 𝑓 ) =
∑︁
𝑃

𝐴𝑃𝜇
𝑖1
𝑃1
𝜇
𝑖2
𝑃2

. . . 𝜇
𝑖 𝑓

𝑃 𝑓
. (21)

The summation in Eq. (20) runs over all ordered configura-
tions (𝑖1, 𝑖2, . . . , 𝑖 𝑓 ) respecting the blockade constraint, thus
satisfying 𝑖 𝑗+1 > 𝑖 𝑗 + 1 for all 𝑗 = 1, 2, . . . , 𝑓 − 1. The summa-
tion in Eq. (21) runs over all permutations (𝑃1, 𝑃2, . . . , 𝑃 𝑓 ) of
(1, 2, . . . , 𝑓 ). The amplitudes 𝐴𝑃 and 𝐴𝑃′ of two permutations
𝑃 and 𝑃′ differing only by the exchange of indices 𝑗 and 𝑘 are
related as

𝐴𝑃

𝐴𝑃′
= 𝑔(𝜇 𝑗 , 𝜇𝑘 ) , (22)

where

𝑔(𝜇 𝑗 , 𝜇𝑘 ) = −
𝜇 𝑗 (𝜇 𝑗𝜇𝑘 − 𝜇 𝑗 + 1)
𝜇𝑘 (𝜇 𝑗𝜇𝑘 − 𝜇𝑘 + 1) . (23)

One can view 𝑔 as the bare scattering matrix describing the
phase shift when two excitations are interchanged. Since

𝑔(𝜇 𝑗 , 𝜇 𝑗 ) = −1, all coefficients are required to be distinct,
since otherwise the wave function vanishes. An exception
holds for 𝜇 𝑗 = exp(±𝑖𝜋/3), for which both the numerator
and denominator vanish. We can define 𝑔(𝑒𝑖 𝜋/3, 𝑒𝑖 𝜋/3) =

𝑔(𝑒−𝑖 𝜋/3, 𝑒−𝑖 𝜋/3) = 1 without affecting the solvability [43].
The phase shift (23) more generally simplifies for 𝜇 𝑗 =

exp(±𝑖𝜋/3), since

𝑔(𝑒±𝑖 𝜋/3, 𝜇) = −1/𝜇 , 𝑔(𝜇, 𝑒±𝑖 𝜋/3) = −𝜇 . (24)

With these definitions, the state (20) is an eigenstate of the 𝑀1
Hamiltonian with eigenvalue

𝐸 = 𝑁 − 2 𝑓 +
𝑓∑︁
𝑗=1

(
𝜇 𝑗 +

1
𝜇 𝑗

)
, (25)

provided that the parameters 𝜇 𝑗 form a solution of the Bethe
equations

𝜇𝑁
𝑗 = (−1) 𝑓 −1

𝑓∏
𝑘≠ 𝑗

𝑔(𝜇 𝑗 , 𝜇𝑘 ) . (26)

The momentum 𝑝 of an eigenstate is encoded through the
relation 𝑒𝑖 𝑝 = 𝜇1𝜇2 . . . 𝜇 𝑓 . The Bethe equations directly
reflect the underlying supersymmetry of the model. If
{𝜇1, 𝜇2, . . . , 𝜇 𝑓 } is a solution with all coefficients different
from unity, then {𝜇1, 𝜇2, . . . , 𝜇 𝑓 , 1} is a solution with the same
energy and momentum, which leads to the supersymmetry-
induced degeneracies between eigenstates with 𝑓 and 𝑓 + 1
fermions.‘

Additionally, we note that if {𝜇1, 𝜇2, . . . , 𝜇 𝑓 } parametrizes
a solution with momentum 𝑝, then {𝜇−1

1 , 𝜇−1
2 , . . . , 𝜇−1

𝑓
}

parametrizes a solution with momentum −𝑝. Within the mo-
mentum zero and 𝜋 sectors, one can single out solutions for
which {𝜇1, 𝜇2, . . . , 𝜇 𝑓 } is not equal to {𝜇−1

1 , 𝜇−1
2 , . . . , 𝜇−1

𝑓
}.

These solutions are not invariant under spatial inversion, but
inversion-symmetric and inversion-antisymmetric eigenstates
can be constructed as |𝜇1, 𝜇2, . . . , 𝜇 𝑓 〉±|𝜇−1

1 , 𝜇−1
2 , . . . , 𝜇−1

𝑓
〉 by

taking the plus or minus sign, respectively. The counting of the
number of inversion-symmetric and inversion-antisymmetric
eigenstates in constrained models has been considered recently
in Ref. [44].

Heisenberg model at root of unity. The integrability of
this model directly relates to the integrability of the Heisen-
berg XXZ model since the 𝑀1 Hamiltonian can be mapped to
the Heisenberg XXZ Hamiltonian under a system-size chang-
ing transformation [31, 45]. This transformation consists of
replacing an occupied site together with the left-neighboring
empty site by an occupied site, and the remaining empty sites
by empty sites. Similar system size changing transformations
were also recently discussed in Ref. [46]. The resulting Heisen-
berg Hamiltonian has anisotropy Δ = 1/2 and twisted bound-
ary conditions. This anisotropy corresponds to the Heisenberg
model with anistropy at ‘roots of unity’, for which the Bethe
ansatz is notoriously subtle (see, e.g. Refs. [47, 48] for a de-
tailed discussion). We mainly note that this model exhibits an
exponential amount of degeneracies, in addition to the degen-
eracies originating from supersymmetry, since it supports a
representation of the loop algebra 𝔰𝔩2 [47–51].
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𝑓 𝐸

0 12 (× 1)
1 8 (× 1), 9 (× 2), 10 (× 2), 11 (× 2), 12 (× 1)
2 8 (× 3), 9 (× 3), 10 (× 2), 11 (× 2)
3 4 (× 1), 6 (× 6), 8 (× 2), 9 (× 3)
4 0 (× 2), 4 (× 3), 5 (× 5), 6 (× 8), 7 (× 2), 9 (× 2)
5 4 (× 2), 5 (× 5), 6 (× 4), 7 (× 2)
6 6 (× 2)

TABLE I. The integer eigenvalues of the 𝑀1 Hamiltonian for system
size 𝑁 = 12 given separately for each fermion number 𝑓 . The num-
bers in brackets denote the number of degeneracies of the eigenvalues.
The integer eigenvalues shown here have been identified numerically.

Sub-thermal entangled eigenstates. The PXP model is
known to have exact matrix product eigenstates with sys-
tem size-independent bond dimensions at energies zero and
±
√

2 [40]. When imposing the requirement that two occupied
sites are separated by at least 𝑛 empty sites, similar exact ma-
trix product eigenstates at energies zero and ±√𝑞 for a number
of integers 𝑞 ≤ 𝑛 + 1 have been identified [41]. Because of the
insensitivity of the bond dimension to the system size, these
special eigenstates are area-law entangled, such that they can
be thought of as quantum many-body scars. Here we show
that, in analogy, the PXP-like fermion model hosts eigenstates
with energy ±√𝑞 for some integers 𝑞, which obey sub-volume
law entanglement scaling. These states correspond to Bethe
states with integer eigenvalues for the 𝑀1 model. Various
states with integer eigenvalue appear throughout the spectrum
of the 𝑀1 model, and in Table I we list these eigenvalues for
system size 𝑁 = 12 for each fermion number 𝑓 . While such
integer eigenvalues have been previously observed in the 𝑀1
model [52], we are not aware of any discussion of their origin
or the corresponding solutions of the Bethe equations.

While Bethe states can generally be written as an MPS, the
bond dimension typically grows with system size, leading to
volume-law entangled eigenstates [53]. We here identify spe-
cial classes of Bethe states from the solutions to the Bethe
equations (26), corresponding to integer eigenvalues, and show
how these states can be recast as an area-law entangled MPS.
Whenever a parameter 𝜇 𝑗 equals 𝜇 𝑗 = exp(±𝑖𝜋/3), this pa-
rameter will contribute an integer to the energy (25) since
𝜇 𝑗 + 1/𝜇 𝑗 = 1.

We here first focus on special states in which all parame-
ters are identical and satisfy 𝜇 𝑗 = exp(±𝑖𝜋/3). The eigenval-
ues (25) can be directly checked to satisfy 𝐸 = 𝑁 − 𝑓 . The
Bethe equations simplify to a single equation,

𝑒±𝑖 𝜋𝑁 /3 = (−1) 𝑓 −1 . (27)

For system sizes that are an even (odd) integer multiple of
3, this equation is satisfied whenever 𝑓 is odd (even). The
corresponding eigenstates (20) simplify since

𝜑(𝑖1, 𝑖2, . . . 𝑖 𝑓 ) = exp
[
±𝑖 𝜋

3
(𝑖1 + 𝑖2 + · · · + 𝑖 𝑓 )

]
. (28)

The entanglement of the fermionic wave function follows from
𝜑 and these states are area-law entangled, as can be made
explicit by rewriting them as an MPS with bond dimension
2( 𝑓 + 1) (as opposed to volume-law states where the bond
dimension scales exponentially with 𝑓 ). Specifically, we can
write

𝜑(𝑖1, 𝑖2, . . . 𝑖 𝑓 ) = Tr
(
𝐴
𝑛1
1 𝐴

𝑛2
2 . . . 𝐴

𝑛𝑁

𝑁
𝐵
)
, (29)

with 𝑛𝑖 = 1 if 𝑖 ∈ (𝑖1, 𝑖2, . . . 𝑖 𝑓 ), i.e. the site 𝑛𝑖 is occupied, and
𝑛𝑖 = 0 otherwise. The different matrices are defined as

𝐴1
𝑗 = 𝑒±𝑖 𝜋 𝑗/3

(
0 1
0 0

)
⊗ 𝑋 , 𝐴0

𝑗 =

(
0 0
1 1

)
⊗ 1 , (30)

and the boundary matrix is given by

𝐵 =

(
1 0
0 1

)
⊗ 𝐵̃ , (31)

where 𝑋 , 1 and 𝐵̃ are ( 𝑓 + 1) × ( 𝑓 + 1) matrices with
𝑋𝑎,𝑏 = 𝛿𝑏,𝑎+1 and 𝐵̃𝑎,𝑏 = 𝛿𝑎, 𝑓 𝛿𝑏,0. In this construction,
the 2 × 2 matrices enforce the blockade constraints, where the
wave function vanishes if two neighboring sites are occupied,
whereas the ( 𝑓 +1)× ( 𝑓 +1) matrices create the correct number
of particles with the appropriate phase.

As apparent from Table I, the model supports additional
eigenstates with integer eigenvalues beyond these states with
𝐸 = 𝑁 − 𝑓 (and their superpartners, which have the same
energy but a fermion number differing by one). A large num-
ber of these states can be understood as ‘simple’ solutions to
the Bethe equations that are dressed by additional parameters
exp(±𝑖𝜋/3). Consider e.g. 𝑓 = 1, for which the dynamics was
already argued to reduce to that of a free particle, and the Bethe
equation for the single parameter 𝜇 reduces to

𝜇𝑁 = 1 → 𝜇 = exp
(
2𝜋𝑖𝑛
𝑁

)
, (32)

with 𝑛 = 0, 1 . . . 𝑁 − 1. The contribution to the energy is
given by 2 cos(2𝜋𝑛/𝑁), which takes integer values at various
values of 𝑛. For 𝑁 = 12, the integer eigenvalues of Table I are
recovered whenever 𝑛 is even and for 𝑛 = 3 and 9.

Consider now a solution (𝜇1, 𝜇2, . . . 𝜇 𝑓 ) to the Bethe equa-
tions (26) for fixed 𝑁 and momentum 𝑝. Then

(𝜇1, 𝜇2, . . . 𝜇 𝑓 , 𝑒
𝑖 𝜋/3, . . . , 𝑒𝑖 𝜋/3︸             ︷︷             ︸

𝑛+

, 𝑒𝑖 𝜋/3, . . . , 𝑒𝑖 𝜋/3︸             ︷︷             ︸
𝑛−

) (33)

provides a solution to the Bethe equations for a lattice of length
𝑁 + (𝑛+ + 𝑛−) with 𝑓 + (𝑛+ + 𝑛−) fermions, provided

exp
[
𝑖
𝜋

3
(𝑁 + 𝑛+)

]
= (−1)𝑛+−1 exp(−𝑖𝑝) , (34)

exp
[
−𝑖 𝜋

3
(𝑁 + 𝑛−)

]
= (−1)𝑛−−1 exp(𝑖𝑝) . (35)

The derivation is straightforward using Eqs. (24). In this way
solutions for 𝑓 = 1 with integer eigenvalue can be used to
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obtain dressed eigenstates with integer eigenvalues at different
lattice sizes. These modes with 𝜇 = 𝑒±𝑖 𝜋/3 act similar to the
so-called Fabricius–McCoy strings of the Heisenberg model,
which similarly describe excitations that scatter trivially [54,
55].

All nontrivial parameters 𝜇 𝑗 act as excitations that will gen-
erally increase entanglement, but for a small value of such
nontrivial excitations the eigenstates can still be expected to
have sub-thermal entanglement. An eigenstate of the PXP-like
fermion model is given by a superposition of an eigenstate of
the 𝑀1 model and its superpartner. If both eigenstates in this
doublet obey sub-thermal entanglement scaling, then so does
the eigenstate of the PXP-like fermion model, since this state
presents a linear combination of two area-law states. We note
that this way of obtaining integer eigenvalues is not exhaustive,
only that the entanglement of these states can be directly un-
derstood, and refer to Ref. [48] for a more detailed discussion
of the spectrum.

VI. CONCLUSIONS AND OUTLOOK

In summary, we studied weak ergodicity breaking in the
context of N = 2 supersymmetric quantum mechanics. We
have shown how supersymmetry naturally induces non-ergodic
dynamics by introducing a fermionic equivalent of the PXP
model, which is closely related to the supersymmetric 𝑀1
model on a chain. For this model, we have established that
the quench dynamics for properly chosen initial states display
(exact or approximate) periodic revivals, in analogy to what
can be observed for the PXP model and more generally for
weak ergodicity breaking in the context of quantum many-
body scars. The necessary time scales for these revivals can
be analytically obtained, and we find that these scale as the
square root of system size. We identified special many-body

eigenstates, with eigenvalues at (plus or minus) square roots
of integers, that allowing for a matrix product state description
with small bond dimension and hence exhibiting sub-thermal
entanglement scaling. We argued that these special eigenstates
can be thought of as quantum many-body scars.

Our work provides a number of suggestions for further in-
vestigations. The 𝑀1 model can be generalized and deformed
in various ways without breaking the supersymmetry and/or
the integrability. For example, when replacing the constraint
forbidding two neighboring sites to be occupied simultane-
ously by a constraint forbidding sites up to a distance 𝑘 apart
from an occupied site, an 𝑀𝑘 model results [32]. The 𝑀2
model is, like the 𝑀1 model, known to be supersymmetric and
integrable [56]. An arguably interesting open question is how
our results translate to such generalizations and deformations
of the 𝑀1 model. Next, it is natural to ask if interpolations
between the PXP and PXP-like fermion models provide new
insights on the origin of quantum many-body scars. Such in-
terpolations can be obtained, for example, by replacing the
fermions in the PXP-like fermion model by proper anyons. On
the level of integrability, this work opens up ways of using the
toolbox of integrability to study dynamics in the class of intro-
duced models. Finally, while the eigenstates of this PXP-like
fermion model can be exactly expressed as (linear combina-
tions of two) Bethe-ansatz states, it is unclear if and how the
conserved charges underlying integrability can be constructed
for arbitrary values of the chemical potential.
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