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Quantum Simulators
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quantum system of interestquantum simulator

‣ use one quantum system to emulate the behavior of another

Gross & Bloch, Science 357, 6355 (2017) 
MPI-PKS

‣ restrictions: not all quantum systems can be simulated

Q: how can we expand the range of systems we can simulate?

Richard P Feynman

"Nature isn’t classical,  
dammit, and if you want  
to make a simulation of  
nature, you’d better make  
it quantum mechanical,  
and by golly  
it’s a wonderful problem,  
because it doesn’t look  
so easy.” (1982)
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Periodically driven systems

video: YouTube (bluedwarf1127) video: YouTube (Harvard Nat Sci)

High-frequency periodic drives 
can change drastically 

the fundamental properties of physical systems

MPI-PKS

https://www.youtube.com/@nyakamoto
https://www.youtube.com/watch?v=rwGAzy0noU0&ab_channel=bluedwarf1127
https://www.youtube.com/watch?v=XTJznUkAmIY&ab_channel=HarvardNaturalSciencesLectureDemonstrations
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Outline

• Rotating reference frames

‣ classical systems: fictitious forces
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‣ quantum systems

• Periodically driven quantum systems
‣ Floquet theorem

• Examples

‣ Floquet engineering

‣ spin-1 particle in a circularly polarized drive

‣ quantum Kapitza oscillator

‣ artificial gauge fields
xy
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Classical mechanics
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• rotating reference frame

‣ not inertial
‣ fictitious forces

̂x
̂y

̂z = ̂zrot

̂xrot(t)

̂yrot(t)
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• rotating reference frame

‣ not inertial
‣ fictitious forces

• transformation between lab and rotating frames

lab frame rot frame

P−1(t) = P†(t)

rotation matrix: P(t)

e.g., P(t) =
cos ωt −sin ωt 0
sin ωt cos ωt 0

0 0 1

̂x
̂y

̂z = ̂zrot

̂xrot(t)

̂yrot(t)
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• time-dependent rotation matrix P(t) =
cos ωt −sin ωt 0
sin ωt cos ωt 0

0 0 1
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• Newton’s law

⃗rlab(t) = P(t) ⃗rrot(t)

⃗F lab(t) = P(t) ⃗F rot(t)

m
d2

dt2
⃗rlab(t) = ⃗F lab(t) / P†(t) ⋅‣ lab frame:

̂x
̂y

̂z = ̂zrot

̂xrot(t)

̂yrot(t)
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⃗F lab(t) = P(t) ⃗F rot(t)m
d2

dt2
⃗rlab(t) = ⃗F lab(t)‣ lab frame:

‣ rot frame: m ( d
dt

+ ⃗ω (t) × ) ( · ⃗rrot(t) + ⃗ω (t) × ⃗rrot(t)) = P†(t) ⃗F lab(t)

m·· ⃗rrot(t) + m
· ⃗ω (t) × ⃗rrot(t) + 2m ⃗ω (t) × · ⃗rrot(t) + m ⃗ω (t) × ( ⃗ω (t) × ⃗rrot(t)) = P†(t) ⃗F lab(t)

m·· ⃗rrot(t) = P†(t) ⃗F lab(t) − m
· ⃗ω (t) × ⃗rrot(t) − 2m ⃗ω (t) × · ⃗rrot(t) − m ⃗ω (t) × ( ⃗ω (t) × ⃗rrot(t))

transformed 
original force

Euler 
force

Coriolis 
force

centrifugal 
force

• fictitious forces arise from Galilean term P†(t) ·P(t)

̂x
̂y

̂z = ̂zrot

̂xrot(t)

̂yrot(t)

Q: can we understand dynamical stabilization as a fictitious force in some rotating frame?

P†(t) ·P(t) = ⃗ω (t) ×
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• rotating reference frame

‣ not inertial
‣ fictitious forces

• transformation between lab and rotating frames

lab frame rot frame

P−1(t) = P†(t)

wave function: |ψ(t)⟩lab |ψ(t)⟩rot

Hamiltonian:  Hlab(t)

evolution operator: Ulab(t,0)

Hrot(t)

Urot(t,0)

|ψ(t)⟩lab = P(t) |ψ(t)⟩rot

̂x
̂y

̂z = ̂zrot

̂xrot(t)

̂yrot(t)

Ulab(t,0) = P(t)Urot(t,0)P†(0)

P(t)
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|ψ(t)⟩lab = P(t) |ψ(t)⟩rot

̂x
̂y

̂z = ̂zrot

̂xrot(t)

̂yrot(t)

• Schrödinger’s equation (set )ℏ = 1

‣ lab frame: i∂t |ψ(t)⟩lab = Hlab |ψ(t)⟩lab / P†(t) ⋅
Ulab(t,0) = P(t)Urot(t,0)P†(0)
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|ψ(t)⟩lab = P(t) |ψ(t)⟩rot
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̂z = ̂zrot
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• Schrödinger’s equation

‣ lab frame:

‣ rot frame:
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|ψ(t)⟩lab = P(t) |ψ(t)⟩rot
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|ψ(t)⟩lab = P(t) |ψ(t)⟩rot
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• Schrödinger’s equation

‣ lab frame:

‣ rot frame:
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|ψ(t)⟩lab = P(t) |ψ(t)⟩rot
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̂y
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̂xrot(t)
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• Schrödinger’s equation

‣ lab frame:

‣ rot frame:
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iP†(t)∂t (P(t)P†(t) |ψ(t)⟩lab) = P†(t)HlabP(t)P†(t) |ψ(t)⟩lab

iP†(t)∂t (P(t) |ψ(t)⟩rot) = P†(t)HlabP(t) |ψ(t)⟩rot

iP†(t) ·P(t) |ψ(t)⟩rot + i∂t |ψ(t)⟩rot = P†(t)HlabP(t) |ψ(t)⟩rot

i∂t |ψ(t)⟩rot = P†(t)HlabP(t) |ψ(t)⟩rot − iP†(t) ·P(t) |ψ(t)⟩rot

Ulab(t,0) = P(t)Urot(t,0)P†(0)



MPI-PKS

Quantum mechanics

Marín Bukov

|ψ(t)⟩lab = P(t) |ψ(t)⟩rot

̂x
̂y

̂z = ̂zrot
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• Schrödinger’s equation

‣ lab frame:

‣ rot frame:

i∂t |ψ(t)⟩lab = Hlab |ψ(t)⟩lab / P†(t) ⋅
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|ψ(t)⟩lab = P(t) |ψ(t)⟩rot

̂x
̂y

̂z = ̂zrot

̂xrot(t)

̂yrot(t)

• Schrödinger’s equation

‣ lab frame:

‣ rot frame:

i∂t |ψ(t)⟩lab = Hlab |ψ(t)⟩lab / P†(t) ⋅

iP†(t)∂t (P(t)P†(t) |ψ(t)⟩lab) = P†(t)HlabP(t)P†(t) |ψ(t)⟩lab

iP†(t)∂t (P(t) |ψ(t)⟩rot) = P†(t)HlabP(t) |ψ(t)⟩rot

iP†(t) ·P(t) |ψ(t)⟩rot + i∂t |ψ(t)⟩rot = P†(t)HlabP(t) |ψ(t)⟩rot

i∂t |ψ(t)⟩rot = P†(t)HlabP(t) |ψ(t)⟩rot − iP†(t) ·P(t) |ψ(t)⟩rot

i∂t |ψ(t)⟩rot = (P†(t)HlabP(t) − iP†(t) ·P(t)) |ψ(t)⟩rot

Hrot(t) = P†(t)HlabP(t) − iP†(t) ·P(t)‣ rot frame Hamiltonian:

Ulab(t,0) = P(t)Urot(t,0)P†(0)

energy in the rot frame 
not the same as the  
transformed lab-frame 
Hamiltonian
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|ψ(t)⟩lab = P(t) |ψ(t)⟩rot

̂x
̂y

̂z = ̂zrot

̂xrot(t)

̂yrot(t)

• Schrödinger’s equation

‣ lab frame:

‣ rot frame:

i∂t |ψ(t)⟩lab = Hlab |ψ(t)⟩lab / P†(t) ⋅

iP†(t)∂t (P(t)P†(t) |ψ(t)⟩lab) = P†(t)HlabP(t)P†(t) |ψ(t)⟩lab

iP†(t)∂t (P(t) |ψ(t)⟩rot) = P†(t)HlabP(t) |ψ(t)⟩rot

iP†(t) ·P(t) |ψ(t)⟩rot + i∂t |ψ(t)⟩rot = P†(t)HlabP(t) |ψ(t)⟩rot

i∂t |ψ(t)⟩rot = P†(t)HlabP(t) |ψ(t)⟩rot − iP†(t) ·P(t) |ψ(t)⟩rot

i∂t |ψ(t)⟩rot = (P†(t)HlabP(t) − iP†(t) ·P(t)) |ψ(t)⟩rot

Hrot(t) = P†(t)HlabP(t) − iP†(t) ·P(t)‣ rot frame Hamiltonian:

Ulab(t,0) = P(t)Urot(t,0)P†(0)

Galilean term, 
fictitious force potential

energy in the rot frame 
not the same as the  
transformed lab-frame 
Hamiltonian
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|ψ(t)⟩lab = P(t) |ψ(t)⟩rot

̂x
̂y

̂z = ̂zrot

̂xrot(t)

̂yrot(t)

• Schrödinger’s equation

‣ lab frame:

‣ rot frame:

i∂t |ψ(t)⟩lab = Hlab |ψ(t)⟩lab / P†(t) ⋅

iP†(t)∂t (P(t)P†(t) |ψ(t)⟩lab) = P†(t)HlabP(t)P†(t) |ψ(t)⟩lab

iP†(t)∂t (P(t) |ψ(t)⟩rot) = P†(t)HlabP(t) |ψ(t)⟩rot

iP†(t) ·P(t) |ψ(t)⟩rot + i∂t |ψ(t)⟩rot = P†(t)HlabP(t) |ψ(t)⟩rot

i∂t |ψ(t)⟩rot = P†(t)HlabP(t) |ψ(t)⟩rot − iP†(t) ·P(t) |ψ(t)⟩rot

i∂t |ψ(t)⟩rot = (P†(t)HlabP(t) − iP†(t) ·P(t)) |ψ(t)⟩rot

Hrot(t) = P†(t)HlabP(t) − iP†(t) ·P(t)‣ rot frame Hamiltonian:

Ulab(t,0) = P(t)Urot(t,0)P†(0)

Galilean term, 
fictitious force potential

Q: can we understand dynamical stabilization as a fictitious force in a rotating frame?

energy in the rot frame 
not the same as the  
transformed lab-frame 
Hamiltonian
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• static systems

‣ time-dependent Schrödinger equation i∂t |ψ(t)⟩ = H |ψ(t)⟩

H = constt

‣ solution: |ψ(t)⟩ = U(t,0) |ψ(0)⟩

• time-evolution operator

• to describe time evolution, can use eigenstates (stationary states): H |n⟩ = En |n⟩

• driven (time-dependent) systems H = H(t)

U(t,0) = 𝒯 exp (−i∫
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0
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• static systems

‣ time-dependent Schrödinger equation i∂t |ψ(t)⟩ = H |ψ(t)⟩

H = constt

‣ solution: |ψ(t)⟩ = U(t,0) |ψ(0)⟩

• time-evolution operator

• to describe time evolution, can use eigenstates (stationary states): H |n⟩ = En |n⟩

• driven (time-dependent) systems H = H(t)

U(t,0) = 𝒯 exp (−i∫
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0
H(s) ds) = lim
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‣ in general, cannot evaluate in closed form
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Quantum dynamics
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• static systems

‣ time-dependent Schrödinger equation i∂t |ψ(t)⟩ = H |ψ(t)⟩

H = constt

‣ solution: |ψ(t)⟩ = U(t,0) |ψ(0)⟩

• time-evolution operator

• to describe time evolution, can use eigenstates (stationary states): H |n⟩ = En |n⟩

• driven (time-dependent) systems H = H(t)

U(t,0) = 𝒯 exp (−i∫
t

0
H(s) ds) = lim

δt→0
e−iδt H(t) e−iδt H(t−δt) ⋯ e−iδt H(2δt) e−iδt H(δt)

order of exponentials matters! 
(causality)

‣ in general, cannot evaluate in closed form
‣ do not have meaningful stationary states (in general)

time-ordered exponential

U(t,0) = e−itH

H = constt



MPI-PKS

Outline

✓ Rotating reference frames

‣ classical systems: fictitious forces

Marín Bukov
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‣ Floquet theorem

• Examples

‣ Floquet engineering

‣ spin-1 particle in a circularly polarized drive

‣ quantum Kapitza oscillator

‣ artificial gauge fields
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• time dependence H(t) = H(t + T ), T = 2π/ω

• Floquet theorem (1883) U(t,0) = 𝒯 exp (−i∫
t

0
H(s) ds) = P(t) exp(−itHF)

micromotion Floquet Hamiltonian‣ micromotion: P(t) = P(t + T )
periodic with same period  as driveT

‣ U(0,0) = 1 ⇒ P(0) = 1 ⇒ P(ℓT ) = 1, ∀ℓ ∈ ℤ

‣ Floquet Hamiltonian  is time-independentHF

• difficult to compute in closed form (except in special cases)

‣ Floquet states: HF |nF⟩ = EF,n |nF⟩

‣ stationary states for :     H(t) U(ℓT,0) |nF⟩ = e−iℓTEF,n |nF⟩

H |n⟩ = En |n⟩
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cf. static Hamiltonians:
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Periodically driven systems

Marín Bukov

• time dependence H(t) = H(t + T ), T = 2π/ω

• Floquet theorem (1883) U(t,0) = 𝒯 exp (−i∫
t

0
H(s) ds) = P(t) exp(−itHF)

micromotion Floquet Hamiltonian‣ micromotion: P(t) = P(t + T )
periodic with same period  as driveT

‣ U(0,0) = 1 ⇒ P(0) = 1 ⇒ P(ℓT ) = 1, ∀ℓ ∈ ℤ

‣ Floquet Hamiltonian  is time-independentHF

• difficult to compute in closed form (except in special cases)

‣ Floquet states: HF |nF⟩ = EF,n |nF⟩

‣ stationary states for :     H(t) U(ℓT,0) |nF⟩ = e−iℓTEF,n |nF⟩

H |n⟩ = En |n⟩

U(t,0) |n⟩ = e−itEn |n⟩

• why useful?
‣ theory similar to static systems
‣ time-scale separation in high-frequency limit

micromotion, P(t)

slow motion, HF

cf. static Hamiltonians:

in general:  ,    no obvious relation to drive HF ≠ H(t = 0), HF ≠ H(A = 0) H(t)
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‣ recall:
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• physical meaning of Floquet’s theorem?

‣ recall:

U(t,0) = P(t) exp(−itHF)

Ulab(t,0) = P(t)Urot(t,0)P†(0)  Ulab(t,0) = P(t) exp(−itHF)

Urot(t,0)

P†(0)

• the rotating frame Hamiltonian is the time-independent HF

• note:  contains fictitious force potential   !HF iP† ·P
‣ Floquet engineering: how do we choose the drive  to design properties to ?H(t) HF

HF = P†(t)H(t)P(t) − iP†(t) ·P(t)

lab frame rot frame

P−1(t) = P†(t)

P(t)

‣ Floquet’s theorem proves the existence of a special rotating frame,  
defined by the micromotion operator P(t)
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‣ spin-1 matrices

Sz = (
1 0 0
0 0 0
0 0 −1)Sx =
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‣ spin-1 matrices

H(t) = ΔSz + g(cos ωt Sx + sin ωt Sy)

Sz = (
1 0 0
0 0 0
0 0 −1)Sx =

1

2 (
0 1 0
1 0 1
0 1 0)

x

y

z

B

x’

y’

z’

<σ <

ω

• define co-rotating frame P(t) = exp(−iωt Sz)

Sy =
1

i 2 (
0 1 0

−1 0 1
0 −1 0)
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‣ spin-1 matrices

H(t) = ΔSz + g(cos ωt Sx + sin ωt Sy)

Sz = (
1 0 0
0 0 0
0 0 −1)Sx =

1

2 (
0 1 0
1 0 1
0 1 0)

x

y

z

B

x’

y’

z’

<σ <

ω

• define co-rotating frame P(t) = exp(−iωt Sz)

P†(t)(cos ωt Sx + sin ωt Sy) P(t) = Sx

P†(t)SzP(t) = Sz

iP†(t) ·P(t) = ωSz(by design)

• Floquet Hamiltonian: HF = P†(t)H(t)P(t) − iP†(t) ·P(t) = (Δ − ω)Sz + gSx

Sy =
1

i 2 (
0 1 0

−1 0 1
0 −1 0)
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Spin-1 particle in a circularly 
polarized magnetic field

Marín Bukov

• Hamiltonian

‣ spin-1 matrices

H(t) = ΔSz + g(cos ωt Sx + sin ωt Sy)

Sz = (
1 0 0
0 0 0
0 0 −1)Sx =

1

2 (
0 1 0
1 0 1
0 1 0)

x

y

z

B

x’

y’

z’

<σ <

ω

• define co-rotating frame P(t) = exp(−iωt Sz)

P†(t)(cos ωt Sx + sin ωt Sy) P(t) = Sx

P†(t)SzP(t) = Sz

iP†(t) ·P(t) = ωSz

• Floquet Hamiltonian: HF = P†(t)H(t)P(t) − iP†(t) ·P(t) = (Δ − ω)Sz + gSx

(by design)

• note: very few exactly solvable models
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T

0
dt H(t) = p2/2 − ω2
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How large is large enough?
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2
𝒫(t) − ω2

0 cos θ =
1
2 (𝒫†(t)p𝒫(t))2 − ω2

0 cos θ‣ intermediate result:
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• Hamiltonian H(t) =
p2

2
− (ω2

0 + Aω cos ωt) cos θ
note: simplified units

How large is large enough?

• idea: use Galilean ‘force potential’ in rot frame to cancel strong periodic drive

Hrot(t) =
1
2 (p − A sin ωt sin θ)2 − ω2

0 cos θ

issue: effective amplitude         ever more strongly driven as ∝ ω → ω → ∞

=
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no more diverging terms as ω → ∞

‣ stable inverted equilibrium for A ≫ ω0
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• Hamiltonian H(t) =
p2

2
− (ω2

0 + Aω cos ωt) cos θ
note: simplified units

How large is large enough?

• idea: use Galilean ‘force potential’ in rot frame to cancel strong periodic drive

‣ compute period-average

Hrot(t) =
1
2 (p − A sin ωt sin θ)2 − ω2

0 cos θ

issue: effective amplitude         ever more strongly driven as ∝ ω → ω → ∞

=
p2

2
+

A2

2
sin2 ωt

→1/2

sin2 θ − ω2
0 cos θ −

A
2

sin ωt {p, sin θ}+

no more diverging terms as ω → ∞

 H(0)
F =

1
T ∫

T

0
Hrot(t) dt =

p2

2
+

A2

4
sin2 θ − ω2

0 cos θ

effective potential Veff(θ)

‣ stable inverted equilibrium for A ≫ ω0
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• Hamiltonian H(t) =
p2

2
− (ω2

0 + Aω cos ωt) cos θ

‣ stable inverted equilibrium for A ≫ ω0

How large is large enough?

• idea: use Galilean ‘force potential’ in rot frame to cancel strong periodic drive

‣ leading-order effective Hamiltonian

 H(0)
F =

1
T ∫

T

0
Hrot(t) dt =

p2

2
+

A2

4
sin2 θ − ω2

0 cos θ

note: simplified units

HF =
∞

∑
n=0

ω−nH(n)
F

P(t) =
∞

∏
n=0

P(n)(t)
effective potential Veff(θ)

P(0)(t) = 𝒫(t)

inverse-frequency expansions
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• Hamiltonian H(t) =
p2

2
− (ω2

0 + Aω cos ωt) cos θ

‣ stable inverted equilibrium for A ≫ ω0

How large is large enough?

• idea: use Galilean ‘force potential’ in rot frame to cancel strong periodic drive

‣ leading-order effective Hamiltonian

• analyze stability at θ = ± π

note: simplified units

HF =
∞

∑
n=0

ω−nH(n)
F

effective potential Veff(θ)

dynamical stabilization

 H(0)
F =

1
T ∫

T

0
Hrot(t) dt =

p2

2
+

A2

4
sin2 θ − ω2

0 cos θ
P(t) =
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∏
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• Hamiltonian H(t) =
p2

2
− (ω2

0 + Aω cos ωt) cos θ

‣ stable inverted equilibrium for A ≫ ω0

How large is large enough?

• idea: use Galilean ‘force potential’ in rot frame to cancel strong periodic drive

‣ leading-order effective Hamiltonian

effective potential Veff(θ)

• analyze stability at θ = ± π

∂2
θVeff(θ) = ω2

0 cos θ +
A2

2
cos 2θ

= − ω2
0 +

A2

2
!
> 0

⇒ Ac > 2ω0

note: simplified units

dynamical stabilization

HF =
∞

∑
n=0

ω−nH(n)
F

 H(0)
F =

1
T ∫

T

0
Hrot(t) dt =

p2

2
+

A2

4
sin2 θ − ω2

0 cos θ

θ = π

P(t) =
∞

∏
n=0

P(n)(t)
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• compare: Hrot(t) =
1
2 (p − A sin ωt sin θ)2 − ω2

0 cos θ H =
1
2 (p − A(x))2 + V(x)vs.

particle in magnetic field?Kapitza pendulum in rotating frame
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particle in magnetic field?



MPI-PKS

Artificial gauge fields

Marín Bukov

• compare: Hrot(t) =
1
2 (p − A sin ωt sin θ)2 − ω2

0 cos θ H =
1
2 (p − A(x))2 + V(x)vs.

• compare: ⃗F Lorentz = − q ⃗B × ⃗v⃗F Coriolis = − 2m ⃗ω × ⃗v vs.

‣ artificial magnetic fields from Floquet engineering

‣ gauge potential but no magnetic field in 1d!
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Artificial gauge fields
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• compare: Hrot(t) =
1
2 (p − A sin ωt sin θ)2 − ω2

0 cos θ H =
1
2 (p − A(x))2 + V(x)vs.

• compare: ⃗F Lorentz = − q ⃗B × ⃗vvs.

‣ artificial magnetic fields from Floquet engineering

image: MIT

rotating Bose-Einstein condensate

‣ gauge potential but no magnetic field in 1d!

⃗F Coriolis = − 2m ⃗ω × ⃗v

superconductor: Abrikosov vortex lattice

Abrikosov, Nobel Lecture, Rev Mod Phys 76 975 (2004)

 
type-II superconductor 

scanning tunneling

microscopy (STM)

NbSe2
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• compare:

B

xy xy

Hrot(t) =
1
2 (p − A sin ωt sin θ)2 − ω2

0 cos θ H =
1
2 (p − A(x))2 + V(x)vs.

• compare: ⃗F Lorentz = − q ⃗B × ⃗vvs.

‣ artificial magnetic fields from Floquet engineering

image: MIT

rotating Bose-Einstein condensate ultracold atoms in optical lattices
• quantum simulation of topological insulators

• but: no orbital -field effects for neutral atomsB
 Floquet engineered magnetic fields

: Majorana

+ + +

+ : vortex

(a) (b)

(c) (d)

: spin liquid

: toric code

Majorana

vortex

‣ gauge potential but no magnetic field in 1d!

⃗F Coriolis = − 2m ⃗ω × ⃗v



MPI-PKS, Dresden

Marín Bukov

Floquet engineering  
for  

quantum simulationMAX PLANCK INSTITUTE 
FOR THE PHYSICS OF COMPLEX SYSTEMS

MPI-PKS

• Floquet engineering: periodic drives ascribe new properties to physical systems

‣ dynamical stabilization
‣ artificial gauge fields (topological insulators, etc.)

key idea: design fictitious forces  
in rotating reference frame

• caveat: driven systems may absorb energy (heat death)



MPI-PKS, Dresden

Marín Bukov

Floquet engineering  
for  

quantum simulationMAX PLANCK INSTITUTE 
FOR THE PHYSICS OF COMPLEX SYSTEMS

• Floquet engineering: periodic drives ascribe new properties to physical systems

‣ dynamical stabilization

School for master students  
From quantum simulation  

to  
quantum computing  

 

 
 
 

Sep 8-12, @MPI-PKS, Dresden

International Max Planck  
PhD Program (IMPRS)  

@ MPI-PKS 
 
 
 
 

application deadlines:  
Apr 30  /  Oct 31 

www.pks.mpg.de/nqd

learn more about  

our research

MPI-PKS

‣ artificial gauge fields (topological insulators, etc.)
key idea: design fictitious forces  
in rotating reference frame

• caveat: driven systems may absorb energy (heat death)
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