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» process info with unprecedented security

Quantum Computing
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» speed up essential algorithms
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» measure weakest of fields

Quantum Simulation
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» understand properties of quantum matter,
complex molecules, drug discovery
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neutral atoms

superconducting qubits trapped ions
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nitrogen-vacancy (NV) centers photons
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Quantum Simulators

Richard P Feynman

quantum simulator quantum system of interest "Nature isn’t classical,

dammit, and if you want
to make a simulation of
nature, you’d better make
it quantum mechanical,
and by golly

it’s a wonderful problem,
because it doesn’t look
So easy.” (1982)

va

> use one quantum system to emulate the behavior of another

Y\/x

> restrictions: not all guantum systems can be simulated

Q: how can we expand the range of systems we can simulate?

i Gross & Bloch, Science 357, 6355 (2017)
Marin Bukov MPI-PKS



Periodically driven systems

video: YouTube (bluedwarf1127) video: YouTube (Harvard Nat Sci)

High-frequency periodic drives
can change drastically
the fundamental properties of physical systems

Marin Bukov MPI-PKS


https://www.youtube.com/@nyakamoto
https://www.youtube.com/watch?v=rwGAzy0noU0&ab_channel=bluedwarf1127
https://www.youtube.com/watch?v=XTJznUkAmIY&ab_channel=HarvardNaturalSciencesLectureDemonstrations

Outline »

* Rotating reference frames

> classical systems: fictitious forces

> guantum systems

e Periodically driven quantum systems

> Floquet theorem

> Floquet engineering

 Examples

> spin-1 particle in a circularly polarized drive

> quantum Kapitza oscillator

> artificial gauge fields

Marin Bukov MPI-PKS



* Rotating reference frames

> classical systems: fictitious forces

Marin Bukov

Outline

H(t) PT (t) \\fmﬁ 5 ,/HF

lab frame rotating frame
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e rotating reference frame

» not inertial

> fictitious forces

Marin Bukov

Classical mechanics

Merry-go-round

image: Bonita
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Classical mechanics

. rotating reference frame _ \ 2= Zror
o (coswr —sinwt 0 4
> not inertial e.g., P(t) =|sinwtr coswt O Y' S
> fictitious forces . 0 0 1) _—
y
 transformation between lab and rotating frames by ﬂfcmt(z‘)
/Fl(t) — PT(Z‘)
lab frame rot frame

‘\“’tat‘on matrix:P(t)/

Marin Bukov MPI-PKS



Classical mechanics

. rotating reference frame _ \ 2= Zror
o (coswr —sinwt 0 4
> not inertial e.g., P(t) =|sinwtr coswt O Y' S
> fictitious forces . 0 0 1) _—
y
 transformation between lab and rotating frames by ﬂfcmt(z‘)
/Fl(t) — PT(Z‘)
lab frame rot frame

P(1)

rotation matrix:
position: 7, (1) \ / Frot(D)

7lab(t) = P(t)7r0t(t)

Marin Bukov MPI-PKS



Classical mechanics

* rotating reference frame _ \ 2= Ziot
o (coswt —sinwt 0 4
» notinertial e.g., P(t) = | sinwt coswt O Y Sa®
> fictitious forces . 0 0 1) é:
y
 transformation between lab and rotating frames by ﬂfrot(l‘)
lab frame rot frame
rotation matrix: P(7)
position: 7, (¢) \ / Frot(D)
velocity: ?lab(t) ?rot(t)
acceleration: ?lab(t) ?rot(t)
7lab(t) = P(t)7r0t(t)
Marin Bukov MPI-PKS



Classical mechanics

* rotating reference frame _ \ 2= Ziot
o (coswt —sinwt 0 4
> notinertial eg., P(t) =|sinwt coswt O Y Sa®
> fictitious forces . 0 0 1) — :
y
 transformation between lab and rotating frames by ﬂffmt(’f)
/Fl(t) _ PT(Z‘)
lab frame rot frame
rotation matrix: P(7)
position: 7, (¢) \ / Frot(D)
velocity: 7y, () Fror(0)
acceleration: ?lab(t) ?rot(t)
force: Flab Frot
7lab(t) = P(t)7r0t(t)
Flab(t) = P(t)Frot(t)
MPI-PKS

Marin Bukov



* time-dependent rotation matrix

Marin Bukov

Rotations

P(f) =

(coswt —sinwt 0)
sinwt coswt 0

. 0 0 1)

MPI-PKS



Rotations

* time-dependent rotation matrix

> inverse transformation

Marin Bukov

Pl =Pit) = P(t; — w) =

(coswt —sinwt 0)

P(t) =|sinwt coswt 0

(

\

. 0 0 1)

coswt 4sinwt 0

—sinwt coswt 0
0 0 Iy

MPI-PKS



* time-dependent rotation matrix

> inverse transformation

Pl =Pit) = P(t; — w) =

» element-wise derivatives

Marin Bukov

Rotations

. 0

P() =w

(coswt 4sinwt 0)
—sinwt coswt 0

(coswt —sinwt 0)

P(t) =|sinwt coswt 0

. 0 0 1)

0 Iy
(_sinwt —coswt 0
coswt —smmwt 0
. 0 0 0)

MPI-PKS



* time-dependent rotation matrix

> inverse transformation

Pl =Pit) = P(t; — w) =

> element-wise derivatives P(t) = w

. (coswt +sinwt 0)
PI(HP() = | —sinwt coswt O
. 0 0 Iy

Marin Bukov

Rotations

(coswt —sinwt 0)

P(t) =|sinwt coswt 0

\

\

(coswt 4sinwt 0)
—sinwt coswt 0

. 0 0 1)

0 1,

(_sinwt —coswt 0
coswt —smmwt 0
. 0 0 0)

(_sinwt —coswt 0)
coswt —sinwt 0| =w

0 0)

-1 0
0 O
0O 0 O

) -

MPI-PKS



Rotations Y 5@

. y
(coswt —sinwt 0) . %A
X X.ot(?)

 time-dependent rotation matrix  P(!) = |sinwt coswt 0
. 0 0 1)

> inverse transformation

(coswt +sinwt 0
Ploo=P" ) =Pt;—w) =| =sinwt coswt O
. 0 0 Iy
. (_sinwt —coswt 0
» element-wise derivatives Pt)=w]| coswt —sinwt 0
. 0 0 0)
. [ coswt +sinwt 0) (—sinwt —coswt 0 O —1 0
P'OP() =|—-sinwt coswt Olo| coswtr —sinwt Ol=w(1 0 0)=wix
. 0 0 1) LU O 0 0) O 0 O

. general time-dependent rotation axis @'(¢)

P (OP(F) = @ () X
Marin Bukov MPI-PKS



Newton’s equations in rotating frame | Ju®

e Newton’s law X

d? —
> lab frame: m@’ﬁab(f): Fi,( 1 P(@)-

Marin Bukov MPI-PKS



Newton’s equations in rotating frame | Ju®

 Newton’s law X

d? —
> lab frame: m@’ﬁab(f): Fi,( 1 P(@)-

d? -,
> rot frame: mPT(t)@ POPT ()7 (D) = P10 F 1, (0)

Marin Bukov MPI-PKS



Newton’s equations in rotating frame | Ju®

e Newton’s law X

d? —
> lab frame: m@’ﬁab(f): Fi,( 1 P(@)-

e .
- rotframe: - mP())— [P(z)PT(t)aab(t)] = Pi(O)F ()

mPT(t)i <P(r)1!>*(r)i P07 (r)]) =PI F, . (1)
dt dt rot lab

Marin Bukov MPI-PKS



e Newton’s law X

d? —
> lab frame: m@’ﬁab(f): Fi,( 1 P(@)-

d? R
> rot frame: mPT(t)@ |POPT(0)F(0)| = PT(0) F 1 (0)

mPT(t)i <P(r)1!>*(r)i P07 (r)]) =PI F, . (1)
dt dt rot lab

d ’ -
m (PT(I)EP(t)> 7rot(t) = PT(I)Flab(t)

Marin Bukov MPI-PKS



e Newton’s law X

2
> lab frame: m@ﬂab(t): Fi,( 1 P(@)-

d? -
> rot frame: mPT(t)@ |POPT(0)F(0)| = PT(0) F 1 (0)
mP*(t)i <P(t)P*(t)i [P(t)ﬁot(t)]) = PT() F (0)
dt dt
d 2 _
m (PT(I)EP(t)> 7rot(t) — PT(I)Flab(t)

2
m <PT(t)P(t) + %) 7rot(t) = PT(I)Flab(t)

Marin Bukov MPI-PKS



Newton’s equations in rotating frame

e Newton’s law

2
> lab frame: m@ﬂab(t): Fi,( 1 P(@)-

d? R
> rot frame: mPT(t)@ |POPT(0)F(0)| = PT(0) F 1 (0)

mPT(t)i <P(r)1!>*(r)i P07 (r)]) =PI F, . (1)
dt dt rot lab

d : -
m (PW)—P(t)) 7o (D) =PI F (D)

d

<PT(t)P(f) + d_> Frof(D) = P’ (I)F1ab(f)

< + D) X ) F () =PIOF 10

Marin Bukov MPI-PKS



e Newton’s law X

2
> lab frame: m@ﬂab(t): Fi,( 1 P(@)-

d? R
> rot frame: mPT(t)@ |POPT(0)F(0)| = PT(0) F 1 (0)

mPT(t)i <P(r)1!>*(r)i P07 (r)]) =PI F, . (1)
dt dt rot lab

d ’ -
m <PT(I)EP(t)> 7rot(t) = PT(I)Flab(t)

2
m <PT(t)P(t) + %) 7rot(t) = PT(I)Flab(t)

d

2
m <d_z + @(1) X ) (B =PI F (1)

m d + w (1) X (? O+ @O XTr (t)) = PT(OF .. (¢)
dt rot rot lab

Marin Bukov MPI-PKS



Newton’s equations in rotating frame | Ju®

e Newton’s law X

2
> lab frame: m@71ab(f) = F (0

> rot frame: m <% + w (1) X > (?mt(t) + w (1) X 7mt(t)> = PT(¢) Flab(t)

Marin Bukov MPI-PKS



Newton’s equations in rotating frame | Ju®

e Newton’s law X

2
> lab frame: m@71ab(f) = F (0

> rot frame: m <% + w (1) X ) (?mt(t) + w (1) X 7mt(t)> = PT(¢) Flab(t)

HW: P (1) + mai (1) X Fooy(£) + 2m@ (1) X Frof(£) + m@ (t) X (@ (1) X Foo(1)) = PH(t) F 1 (0)

Marin Bukov MPI-PKS



Newton’s equations in rotating frame | Ju®

e Newton’s law X

2
> lab frame: m@71ab(f) = F (0

> rot frame: m <% + w (1) X ) (?mt(t) + w (1) X 7mt(t)> = PT(¢) Flab(t)

M oy(0) + MW (E) X Foo(2) + 2m@ (1) X Foo(1) + m@ (1) X (@ () X Fooy(®)) = PT@) F 1(2)

M) = PTOF (1) — M@ (@) X Foo(£) = 2@ (1) X Foo(£) — M@ (2) X (@) X Foo(D))

transformed
original force

Marin Bukov MPI-PKS



Newton’s equations in rotating frame | Ju®

« Newton’s law 5 T X()
2
> lab frame: m@71ab(f) = F (0
d — > — - =
> rot frame: m <E + w(r) X ) (rrot(t) + w(r) X rmt(t)> — PT(t)Flab(t)

M oy(0) + MW (E) X Foo(2) + 2m@ (1) X Foo(1) + m@ (1) X (@ () X Fooy(®)) = PT@) F 1(2)

M) = PTOF (1) — M@ (@) X Foo(£) = 2@ (1) X Foo(£) — M@ (2) X (@) X Foo(D))

transformed Euler
original force force

Marin Bukov MPI-PKS



Newton’s equations in rotating frame | Ju®

« Newton’s law 5 T X()
2
> lab frame: m@71ab(f) = F (0
d — > — - =
> rot frame: m <E + w(r) X ) (rrot(t) + w(r) X rmt(t)> — PT(t)Flab(t)

M oy(0) + MW (E) X Foo(2) + 2m@ (1) X Foo(1) + m@ (1) X (@ () X Fooy(®)) = PT@) F 1(2)

M) = PTOF (1) — M@ (@) X Foo(£) = 2@ (1) X Foo(£) — M@ (2) X (@) X Foo(D))

transformed Euler Coriolis
original force force force

Marin Bukov MPI-PKS



Newton’s equations in rotating frame

A
« Newton’s law X5 Tl
2
> lab frame: m@71ab(f) = F (0
d — > — - T =
- rot frame: m( o+ @0 x (rmt(t) + @) X rmt(t)> = PI(6)Fyp(8)
MF (D) + M@ (1) X Fro(£) + 2m@ (2) X Foo(£) + Mm@ (@) X (@ (1) X Fooy(®)) = PH(t) F1(2)
( =S =g — - — = — — - \
MF (1) = PT(0) F (1) — m@ (1) X Foy(1) = 2ma () X Froi(£) — ma3 (1) X (@) X Foo(1))
transformed Euler Coriolis centrifugal
_ original force force force force )
MPI-PKS

Marin Bukov



Newton’s equations in rotating frame | Ju®

e Newton’s law %

2
> lab frame: m@71ab(f) = F (0

> rot frame: m <% + w (1) X > (?mt(t) + w (1) X 7mt(t)> = PT(¢) Flab(t)

M oy(0) + MW (E) X Foo(2) + 2m@ (1) X Foo(1) + m@ (1) X (@ () X Fooy(®)) = PT@) F 1(2)

s _ . . )
MF (1) = PT(0) F (1) — m@ (1) X Foy(1) = 2ma () X Froi(£) — ma3 (1) X (@) X Foo(1))
transformed Euler Coriolis centrifugal
original force force force force
- ° Y,

. fictitious forces arise from Galilean term P'(2)P(¢)

Marin Bukov MPI-PKS



Newton’s equations in rotating frame | Ju®

y
Fap(D) = P(OF (1) 4 *4 %o (D)

« Newton’s law ro A
a2 . Fi(t) = P(t)F (0
> lab frame: m@rlab(t) = F1(0)
d — - — - + =
-+ rot frame: m( o+ @0 x <rmt(t) + @) rrot(t)) = PiOF ()

M7 + M@ (1) X Frog(0) + 2m@ (1) X Foo(£) + m@ (1) X (@ (1) X Fooy(®)) = PT@O F ()

s _ . . )
MF (1) = PT(0) F (1) — m@ (1) X Foy(1) = 2ma () X Froi(£) — ma3 (1) X (@) X Foo(1))
transformed Euler Coriolis centrifugal
_ original force force force force )
. fictitious forces arise from Galilean term P'(2)P(¢) PI(0)P(1) = (1) X

Q: can we understand dynamical stabilization as a fictitious force in some rotating frame?

Marin Bukov MPI-PKS



* Rotating reference frames

> quantum systems

Marin Bukov

Outline

SRS ° 'l
v
ay PO -,

lab frame rotating frame

pks

MPI-PKS



Quantum mechanics Y Del®

e rotating reference frame

» not inertial

> fictitious forces

e transformation between lab and rotating frames

/P_l(t) = PT(z‘)\A

lab frame rot frame

\ P() /

Marin Bukov MPI-PKS



Quantum mechanics Y Del®

e rotating reference frame

» not inertial

> fictitious forces

e transformation between lab and rotating frames

/P_l(t) = PT(z‘)\A

lab frame rot frame
wave function: |y/(t))lab\ P(7) / | W (®)) ot
Hamiltonian: H,;(¢) H, (1)

|W(t)>lab = P(t) | W(t)>r0t

Marin Bukov MPI-PKS



Quantum mechanics Y Del®

e rotating reference frame

» not inertial

> fictitious forces

e transformation between lab and rotating frames

/P_l(t) = PT(z‘)\A

lab frame rot frame

wave function: |1//(t))lab\ P(1) / | W (1)) or
Hamiltonian: Hj,,,(7) H_ (1)

evolution operator: U, (2,0) U..(2,0)

|W(t)>lab = P(t) | W(t)>rot

U, (t,0) = POU,(,00PT(0)
Marin Bukov MPI-PKS



Quantum mechanics Y Del®

« Schrédinger’s equation (set 71 = 1) X

> lab frame: 0, WD) = Hip lWO)ry / PI(@)- Vo = POTV D)o .
U,.(t,0) = POU..(t,0)PT(0)

Marin Bukov MPI-PKS



Quantum mechanics

« Schrodinger’s equation

> |ab frame:

> rot frame:

Marin Bukov

iat | l//(t»lab = Hlab | l//(t»lab / PT(ZL) |

iP"(1)0, (POPT() | w(D),) = P (OHy,POP(@) | y(0))1a

MPI-PKS



Quantum mechanics

« Schrodinger’s equation

> |ab frame:

> rot frame:

Marin Bukov

iat | l//(t»lab = Hlab | l//(t»lab / PT(ZL) |

iP" ()0, (POP () lw(Ohan) = P OHPOP (0 [y

iPT(0)0, (P(O) | w(D))ror) = PTOH i P@) | y(1))yoq

MPI-PKS



Quantum mechanics

« Schrodinger’s equation

> |ab frame:

> rot frame:

Marin Bukov

iat | l//(t»lab = Hlab | l//(t»lab / PT(ZL) |

iP" ()0, (POP () lw(han) = P OHPOP (@) [y

iPT(0)0, (P(O) | w(D))ror) = PTOH i P@) | y(1))yoq

iPT(OP®E) | w(£)),o; + 10, | W (D) or = PTOH PE) | w(1)),o

MPI-PKS



Quantum mechanics Y Del®

« Schrodinger’s equation X

> lab frame: 0, |y (D)., = Hop lw@®)yy, | P70 -

> rot frame: iP'(£)0, (P(t)PT(t) | y/(t))lab) = PT0)H,, POPT (O | w () )1at
iPT(0)0, (P(O) | w(D))ror) = PTOH i P@) | y(1))yoq

iPT(OP®E) | w(£)),o; + 10, | W (D) or = PTOH PE) | w(1)),o

i0, 1w (1)) op = PT(OH i, PO | (1)) o — iPTOPE) | (1)) o

Marin Bukov MPI-PKS



Quantum mechanics Y Del®

« Schrodinger’s equation X

> lab frame: 0, |y (D)., = Hop lw@®)yy, | P70 -

> rot frame: iP'(£)0, (P(t)PT(t) | y/(t))lab) = PT0)H,, POPT (O | w () )1at
iPT(0)0, (P(O) | w(D))ror) = PTOH i P@) | y(1))yoq

iPT(OP®E) | w(£)),o; + 10, | W (D) or = PTOH PE) | w(1)),o
i0, 1w (1)) op = PT(OH i, PO | (1)) o — iPTOPE) | (1)) o

i0,|W(D)yor = (PTOH,P() — iPTOP@)) 19()) or

Marin Bukov MPI-PKS



« Schrodinger’s equation

Quantum mechanics

> lab frame: 0, |y (D)., = Hop lw@®)yy, | P70 -

> rot frame: iP'(£)0, (P(t)PT(t) | y/(t))lab) = PT0)H,, POPT (O | w () )1at

iPT(0)0, (P(O) | w(D))ror) = PTOH i P@) | y(1))yoq

iPT(OP®E) | w(£)),o; + 10, | W (D) or = PTOH PE) | w(1)),o

» rot frame Hamiltonian:

Marin Bukov

i0, 1w (1)) op = PT(OH i, PO | (1)) o — iPTOPE) | (1)) o

i0,|W(D)yor = (PTOH,P() — iPTOP@)) 19()) or

Hyo(t) = PY())H,,P(t) — iP (0 P(2)

energy in the rot frame
not the same as the
transformed lab-frame
Hamiltonian

MPI-PKS



« Schrodinger’s equation

Quantum mechanics

> lab frame: 0, |y (D)., = Hop lw@®)yy, | P70 -

> rot frame: iP'(£)0, (P(t)PT(t) | y/(t))lab) = PT0)H,, POPT (O | w () )1at

iPT(0)0, (P(O) | w(D))ror) = PTOH i P@) | y(1))yoq

iPT(OP®E) | w(£)),o; + 10, | W (D) or = PTOH PE) | w(1)),o

» rot frame Hamiltonian:

Marin Bukov

i0, 1w (1)) op = PT(OH i, PO | (1)) o — iPTOPE) | (1)) o

i0,|W(D)yor = (PTOH,P() — iPTOP@)) 19()) or

r

.
Hyo(t) = PY())H,,P(t) — iP (0 P(2)

Galilean term,

fictitious force potential y

energy in the rot frame
not the same as the
transformed lab-frame
Hamiltonian

MPI-PKS



I\ Quantum mechanics Y Del®

\ 3/
A\ > 4
0 ' 0

™

« Schrodinger’s equation X

> lab frame: 0, |w ()., = Hip lw®)y, | P70 -

> rotframe:  iPT(O0, (POPT () [w())iap) = PTOHPOPT® |y (D)1
iPT(0)0, (P(O) | w(D))ror) = PTOH i P@) | y(1))yoq

iPT(OP®E) | w(£)),o; + 10, | W (D) or = PTOH PE) | w(1)),o
i0, 1w (1)) op = PT(OH i, PO | (1)) o — iPTOPE) | (1)) o

i0,|W(D)yor = (PTOH,P() — iPTOP@)) 19()) or

4 ™)
» rot frame Hamiltonian: H (1) = PT(Z‘) H  P(t) —i PT(t) P %ﬁg% /gazl‘zz ;ost ;‘gzme
Galilean term, transformed lab-frame
L fictitious force potential y Hamiltonian

Q: can we understand dynamical stabilization as a fictitious force in a rotating frame?
Marin Bukov MPI-PKS



Quantum dynamics

 static systems H = const,

Marin Bukov MPI-PKS



Quantum dynamics

 static systems H = const,

> time-dependent Schrédinger equation i0,|w(f)) = H|w(1))

Marin Bukov MPI-PKS



Quantum dynamics

 static systems H = const,
> time-dependent Schrédinger equation i0,|w(f)) = H|w(1))
> solution: lw(0)) = U@,0) |yw(0))

* time-evolution operator [J(1,0) = ¢~/

H = const,

Marin Bukov MPI-PKS



Quantum dynamics

 static systems H = const,
> time-dependent Schrédinger equation i0,|w(f)) = H|w(1))
> solution: lw(0)) = U@,0) |yw(0))

* time-evolution operator [J(1,0) = ¢~/

H = const,

« to describe time evolution, can use eigenstates (stationary states): H|n) = E, | n)

Marin Bukov MPI-PKS



Quantum dynamics

 static systems H = const,
> time-dependent Schrédinger equation i0,|w(f)) = H|w(1))
> solution: lw(0)) = U@,0) |yw(0))
* time-evolution operator [J(1,0) = ¢~/

H = const,

« to describe time evolution, can use eigenstates (stationary states): H|n) = E, | n)

o driven (time-dependent) systems H = H(1)

Ut,0) = T exp (

T

time-ordered exponential (causality)

t
—i[ H(s) ds> — lim e 0tHW p—idtH(t=61) ., ,—idtH(Q25t) ,—idt H(51)
0 ot—0

order of exponentials matters!

Marin Bukov MPI-PKS



Quantum dynamics

 static systems H = const,
> time-dependent Schrédinger equation i0,|w(f)) = H|w(1))
> solution: lw(0)) = U@,0) |yw(0))
* time-evolution operator [J(1,0) = ¢~/

H = const,

« to describe time evolution, can use eigenstates (stationary states): H|n) = E, | n)

o driven (time-dependent) systems H = H(1)

Ut,0) = T exp (

T

time-ordered exponential (causality)

t
—i[ H(s) ds> — lim e 0tHW p—idtH(t=61) ., ,—idtH(Q25t) ,—idt H(51)
0 ot—0

order of exponentials matters!

> in general, cannot evaluate in closed form

Marin Bukov MPI-PKS



Quantum dynamics

 static systems H = const,
> time-dependent Schrédinger equation i0,|w(f)) = H|w(1))
> solution: lw(0)) = U@,0) |yw(0))
* time-evolution operator [J(1,0) = ¢~/

H = const,

« to describe time evolution, can use eigenstates (stationary states): H|n) = E, | n)

o driven (time-dependent) systems H = H(1)

Ut,0) = T exp (

T

time-ordered exponential (causality)

t
—i[ H(s) ds> — lim e 0tHW p—idtH(t=61) ., ,—idtH(Q25t) ,—idt H(51)
0 ot—0

order of exponentials matters!

> in general, cannot evaluate in closed form

> do not have meaningful stationary states (in general)
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Outline

e Periodically driven quantum systems
> Floquet theorem

> Floquet engineering
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Periodically driven systems

 time dependence H() =H(t+T), T=2rlw B R 6
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Periodically driven systems

 time dependence H() =H(t+T), T=2rlw B R 6
4
* Floquet theorem (1883) U(1,0) = T exp <—iJ H(s) ds> = P(t) exp(—itHy)

: T T

micromotion Floquet Hamiltonian

Marin Bukov MPI-PKS



Periodically driven systems

 time dependence H() =H(t+T), T=2rlw B R 6

4
* Floquet theorem (1883) U(1,0) = T exp <—iJ H(s) ds> = P(t) exp(—itHy)

: T T
> micromotion: P(1) = P(t+ T) micromotion  Floguet Hamiltonian
periodic with same period T as drive

» U0,0)=1 = PO=1 = PcT)=1, Vre/

Marin Bukov MPI-PKS



Periodically driven systems

 time dependence H@G) =H(t+T), T=2nlw

4
* Floquet theorem (1883) U(7,0) = T exp <—iJ H(s) ds>
0

= P(7) exp(—itHy)

T T

> micromotion: P(1) = P(t+ T) micromotion  Flogquet Hamiltonian

periodic with same period 7" as drive

» U0,0)=1 = PO=1 = PcT)=1, Vre/

> Floquet Hamiltonian H is time-independent
ingeneral: Hp, # H(t =0), Hp# HA =0),

e difficult to compute in closed form (except in special cases)

Marin Bukov

no obvious relation to drive H()
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Periodically driven systems

 time dependence H@() =H(it+ 1), T=2nlw

4
* Floquet theorem (1883) U(7,0) = T exp (—i J H(s) ds> = P(t) exp(—itHy)

> micromotion: P(f) = P(t+ T)
periodic with same period 7" as drive

v

v

v

Marin Bukov

Uo0,0)=1 = PO =1

0

T

micromotion

= P(T)=1, VFeZ

Floquet Hamiltonian H is time-independent

T

Floquet Hamiltonian

in general: Hp # H(t =0), Hp+# H(A =0), no obvious relation to drive H(?)

e difficult to compute in closed form (except in special cases)

» stationary states for H(?):

Floquet states: H-|ng) = Ef. , | ng)

UT\0)|np) = e Er, | ng)

cf. static Hamiltonians:
H|n) = E,|n)
U(1,0)|n) = e |n)

MPI-PKS



Periodically driven systems

 time dependence H@G) =H(t+T), T=2nlw

4
* Floquet theorem (1883) U(7,0) = T exp <—iJ H(s) ds>

> micromotion: P(f) = P(t+ T)
periodic with same period 7" as drive

v

v

Floquet Hamiltonian H is time-independent

ingeneral: Hp, # H(t =0), Hp# HA =0),

0

U00)=1 = PO)=1 = P¢T)=1,

T

micromotion

Ve e 7

e difficult to compute in closed form (except in special cases)

v

Floquet states: H-|ng) = Ef. , | ng)

» stationary states for H(¢): U(ZT,0) | np) = e Ern| n.)

« why useful?
> theory similar to static systems

> time-scale separation in high-frequency limit

Marin Bukov

AD?{\

<>

= P(7) exp(—itHy)

T

Floquet Hamiltonian

no obvious relation to drive H()

cf. static Hamiltonians:
H|n) = E,|n)
U(1,0)|n) = e |n)

micromotion, P(¢)

<

L

slow motion, Hy

MPI-PKS



Periodically driven systems

* physical meaning of Floquet’s theorem? U(t,0) = P(t) exp(—itHy)
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Periodically driven systems

* physical meaning of Floquet’s theorem? U(t,0) = P(t) exp(—itHy)
> recall: Uy, (1,0) = P()U,(t,0)P7(0)
/P_l(l‘) — PT(t)\;
lab frame rot frame

\ 120 /
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Periodically driven systems

* physical meaning of Floquet’s theorem? U(t,0) = P(t) exp(—itHy)

> recall: Uy, (1,0) = P()U,(t,0)P7(0) Upap(1,0) = P(t) exp(—itHy) P'(0)

ot

/P_l(t) = PT(;)\‘

lab frame rot frame

\ 120 /

U..(2,0)
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Periodically driven systems

* physical meaning of Floquet’s theorem? U(t,0) = P(t) exp(—itHy)
> recall: Uy, (1,0) = P())U,.(t,0)PT(0) Upap(1,0) = P(t) exp(—itHy) P'(0)
‘ U,.(2,0) 4
/P_l(t) — PT(Z‘)\;
lab frame rot frame

\ 120 /

> Floquet’s theorem proves the existence of a special rotating frame,
defined by the micromotion operator P(7)

W hy  Po

Marin Bukov lab frame rotating frame



Periodically driven systems

* physical meaning of Floquet’s theorem? U(t,0) = P(t) exp(—itHy)
> recall: Uy, (1,0) = P())U,.(t,0)PT(0) Upap(1,0) = P(t) exp(—itHy) P'(0)
‘ U,.(2,0) 4
/P_l(t) — PT(Z‘)\;
lab frame rot frame

\ 120 /

> Floquet’s theorem proves the existence of a special rotating frame,
defined by the micromotion operator P(?)

e the rotating frame Hamiltonian is the time-independent H

<Js i M\
Hp = PT(0H0)P(1) — iP (1) P(t) . P(t) b
e

H () = PT(H,, P(t) — iPT(H)P(z) A 4
" ~—
'Mlﬁﬁ H(t) Pt (t) C

Marin Bukov lab frame rotating frame



Periodically driven systems

* physical meaning of Floquet’s theorem? U(t,0) = P(t) exp(—itHy)
> recall: Uy, (1,0) = P())U,.(t,0)PT(0) Upap(1,0) = P(t) exp(—itHy) P'(0)
‘ U,.(2,0) 4
/P_l(t) — PT(Z‘)\;
lab frame rot frame

\ 120 /

> Floquet’s theorem proves the existence of a special rotating frame,
defined by the micromotion operator P(7)

e the rotating frame Hamiltonian is the time-independent H rs WK[') P(t) M\
S PN

\

H, = PT()H®P®) — iP ()P - °

- S Hp
» note: H contains fictitious force potential iPTP1 N

rotating frame

> Floquet engineering: how do we choose the drive H(¥) to design properties to H?
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Outline »

 Examples

> spin-1 particle in a circularly polarized drive

> quantum Kapitza oscillator

> artificial gauge fields
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N
~
’
’

Spin-1 particle in a circularly
polarized magnetic field

* Hamiltonian H(r) = AS* + g(cos wt $* + sin wt §”) /

> spin-1 matrices

L /010 /0 10 10 0
ss=— (1 0 1 f=— (-1 0 1 ss=(0 0 o0
V2 \o 1 0 V2 \0 -1 0 00 —I

Marin Bukov MPI-PKS



Spin-1 particle in a circularly
polarized magnetic field

* Hamiltonian H(r) = AS* + g(cos wt $* + sin wt §”) /

> spin-1 matrices
[ /010 /0 10 10 0
ss=— (1 0 1 =—(-1 0 1 ss=(0 0 o
V2 \o 1 0 V2 \0 -1 0 00 —I

 define co-rotating frame  P(¢) = exp(—iwt S?)

Marin Bukov MPI-PKS



Spin-1 particle in a circularly |
polarized magnetic field X[

 Hamiltonian H(z) = AS* + g(cos wt §* + sin wt §”)

> spin-1 matrices

L /010 /0 10 10 0
ss=— (1 0 1 f=— (-1 0 1 ss=(0 0 o0
V2 \o 1 0 V2 \0 -1 0 00 —I

 define co-rotating frame  P(¢) = exp(—iwt S?)

» check: P(t+ T) — e—ioo(t+T)SZ — e—ia)t A\ e—icoTSZ — e—ia)t S* — P(t)

Marin Bukov MPI-PKS



Spin-1 particle in a circularly
polarized magnetic field

* Hamiltonian H(r) = AS* + g(cos wt $* + sin wt §”) /

> spin-1 matrices
[ /010 /0 10 10 0
ss=— (1 0 1 =—(-1 0 1 ss=(0 0 o
V2 \o 1 0 V2 \0 -1 0 00 —I

 define co-rotating frame  P(¢) = exp(—iwt S?)

» check: P(t+T) = —ilw(+T)S* — ,—iwt §* ,—iwT §* _ —ia)tSZ:Pt
checC ( ) e e € e () PT(Z‘)SZP(ZL) — §7

> can show (HW): PT(t)(cos wt S* + sin wt Sy) P(t) = S* (bydesign) iPT(H)P(t) = wS?
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Spin-1 particle in a circularly
polarized magnetic field

* Hamiltonian H(r) = AS* + g(cos wt $* + sin wt §”) /

> spin-1 matrices
[ /010 /0 10 10 0
ss=— (1 0 1 =—(-1 0 1 ss=(0 0 o
V2 \o 1 0 V2 \0 -1 0 00 —I

 define co-rotating frame  P(¢) = exp(—iwt S?)

» check: P(t1+T) = —ilw(+T)S* — ,—iwt §* ,—iwT §* _ —ia)tSZ=Pt
checC ( ) e e € e () PT(Z‘)SZP(ZL) — §7

> can show (HW): PT(t)(cos wt S* + sin wt Sy) P(t) = S* (bydesign) iPT(H)P(t) = wS?

» Floquet Hamiltonian:  H, = PT()H(t)P(t) — iPT()P(t) = (A — w)S* + g5~

Marin Bukov MPI-PKS



Spin-1 particle in a circularly |
polarized magnetic field X[

Hamiltonian H(f) = AS* + g(cos wt §* + sin wt §”) ¢

> spin-1 matrices
[ /010 /0 10 10 0
ss=— (1 0 1 =—(-1 0 1 ss=(0 0 o
V2 \o 1 0 V2 \0 -1 0 00 —I

define co-rotating frame  P(¢) = exp(—iwt §°)

» check: P(t1+T) = —ilw(+T)S* — ,—iwt §* ,—iwT §* _ —ia)tSZ=Pt
checC ( ) e e € e () PT(Z‘)SZP(ZL) — §7

> can show (HW): PT(t)(cos wt S* + sin wt Sy) P(t) = S* (bydesign) iPT(H)P(t) = wS?

Floquet Hamiltonian:  H, = PT()H(®)P(t) — iP"(H)P(t) = (A — w)S* + gS*

note: very few exactly solvable models

Marin Bukov MPI-PKS



Outline

 Examples

> quantum Kapitza oscillator

> artificial gauge fields
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Quantum Kapitza oscillator

effective

classical quantum

Marin Bukov MPI-PKS



Quantum Kapitza oscillator

2
 Hamiltonian H(¢) = p? — (a)g + Aw cos a)t) cos 0
note: simplified units

> stable inverted equilibrium for A > @),

How large is large enough?

effective 9

classical quantum

Marin Bukov MPI-PKS



Quantum Kapitza oscillator

2
e Hamiltonian H(¢) = % — (a)g + Aw cos a)t) cos 6
note: simplified units

> stable inverted equilibrium for A > @),

How large is large enough?
e high-frequency limit

T
» usually given by time-average Hamiltonian, ...but: H, = T‘l[ dt H(f) = p*/2 — w cos O
0

Marin Bukov MPI-PKS



Quantum Kapitza oscillator

2
e Hamiltonian H(¢) = % — (a)g + Aw cos a)t) cos 6
note: simplified units

> stable inverted equilibrium for A > @),

How large is large enough?

* high-frequency limit

T
» usually given by time-average Hamiltonian, ...but: H, = T‘IJ dt H(f) = p*/2 — w cos O

0
issue: effective amplitude «xc @ — ever more strongly driven as @ — ©0
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Quantum Kapitza oscillator

2
e Hamiltonian H(¢) = % — (a)g + Aw cos a)t) cos 6
note: simplified units

> stable inverted equilibrium for A > @),

How large is large enough?

* high-frequency limit

T
» usually given by time-average Hamiltonian, ...but: H, = T‘l[ dt H(f) = p*/2 — w cos O

0
issue: effective amplitude «xc @ — ever more strongly driven as @ — ©0

* idea: use Galilean ‘force potential’ in rot frame to cancel strong periodic drive

2
H. (f) = gﬁ(z)(% — (wg + Aw cos wt) cos 9) P(t) — iPT () P(t)

Marin Bukov MPI-PKS



Quantum Kapitza oscillator

2
e Hamiltonian H(¢) = % — (a)g + Aw cos a)t) cos 6
note: simplified units

> stable inverted equilibrium for A > @),

* high-frequency limit

How large is large enough?

T

» usually given by time-average Hamiltonian, ...but: H, = T‘l[ dt H(f) = p*/2 — w cos O
0
issue: effective amplitude «xc @ — ever more strongly driven as @ — ©0

* idea: use Galilean ‘force potential’ in rot frame to cancel strong periodic drive

2

H. (f) = gﬁ(z)(% — (wg + Aw cos wt) cos 9) P(t) — iPT () P(t)

(

guess: L(t) =exp|+i

\

Marin Bukov

A sin wt

=[" Aw cos wt'dt’

\

cos @

/

= PP = — Aw cos wt cos 0
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Quantum Kapitza oscillator

2
e Hamiltonian H(¢) = % — (a)g + Aw cos a)t) cos 6
note: simplified units

> stable inverted equilibrium for A > @),

How large is large enough?

issue: effective amplitude «x @ — ever more strongly driven as @ — ©0

* idea: use Galilean ‘force potential’ in rot frame to cancel strong periodic drive

2
H. (1) = 9«’*(1‘)(% — (a)g + Aw cos a)t) COS <9> P(t) — iPT () P(1)

( \
guess: LP(t) =exp|+i Asinwt cosé = PI0iP(E) = — Aw cos wt cos 6

_l: 1/ /
\ =[" Aw cos wt'dt )

Marin Bukov MPI-PKS



Quantum Kapitza oscillator

e Hamiltonian H(¢) = % — (a)g + Aw cos a)t) cos 6
note: simplified units

> stable inverted equilibrium for A > @),

How large is large enough?

issue: effective amplitude «x @ — ever more strongly driven as @ — ©0

* idea: use Galilean ‘force potential’ in rot frame to cancel strong periodic drive

2
H. (1) = 9«’*(1‘)(% — (a)g + Aw cos a)t) COS <9> P(t) — iPT () P(1)

( \
guess: LP(t) =exp|+i Asinwt cosé = PI0iP(E) = — Aw cos wt cos 6

_l: 1/ /
\ =[" Aw cos wt'dt J

p? 1

> intermediate result: () = @T(t)—g’(t) — g cosf = 5 (@T(t)pg’(t)) — wg cos O

rot

Marin Bukov MPI-PKS



Quantum Kapitza oscillator

e Hamiltonian H(¢) = % — (a)g + Aw cos a)t) cos 6
note: simplified units

> stable inverted equilibrium for A > @),

How large is large enough?

issue: effective amplitude «x @ — ever more strongly driven as @ — ©0

* idea: use Galilean ‘force potential’ in rot frame to cancel strong periodic drive

2
H. (1) = 9«’*(1‘)(% — (a)g + Aw cos a)t) COS <9> P(t) — iPT () P(1)

( \
guess: LP(t) =exp|+i Asinwt cosé = PI0iP(E) = — Aw cos wt cos 6

_l: 1/ /
\ =[" Aw cos wt'dt )

p? 1

> intermediate result: () = @T(t)—g’(t) — g cosf = 5 (@T(t)pg’(t)) — wg cos O

rot

HW:  PT(OpP(t) = p — 10y (iA sin wt COoS 9) =p—Asinwt sinf
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2
e Hamiltonian H(¢) = % — (a)g + Aw cos a)t) cos 6
note: simplified units

> stable inverted equilibrium for A > @),

How large is large enough?

issue: effective amplitude «x @ — ever more strongly driven as @ — ©0

* idea: use Galilean ‘force potential’ in rot frame to cancel strong periodic drive

1 . N2
H. (2) = ) (p — Asinwf sin 6) — w, cosd
p2 A2
= 5 + 5 sin” wt sin” 6 — a)g cos@—zsina)t {p,sinb}

no more diverging terms as @ — o0

Marin Bukov MPI-PKS



2
e Hamiltonian H(¢) = % — (a)g + Aw cos a)t) cos 6
note: simplified units

> stable inverted equilibrium for A > @),

How large is large enough?

issue: effective amplitude «x @ — ever more strongly driven as @ — ©0

* idea: use Galilean ‘force potential’ in rot frame to cancel strong periodic drive

1 2

H. (1) = (p — A sin wt sin 6)2 — W, cosf

2
p2 A2
5 + sin” wt sinzé—wg cos@—zsina)t {p,sinb}

—1/2 no more diverging terms as @ — o0

> compute period-average effective potential V,_(6)

) 1 T p2 A2 , ,
H, =?L H. (r)dt = > + 1 sin“ 6 — w, cos o

Marin Bukov MPI-PKS



Quantum Kapitza oscillator

2
e Hamiltonian H(¢) = % — (a)g + Aw cos a)t) cos 6
note: simplified units

> stable inverted equilibrium for A > @),

How large is large enough?

* idea: use Galilean ‘force potential’ in rot frame to cancel strong periodic drive

> |eading-order effective Hamiltonian
1 T 2 A2
HI(TO) = ?J H. (r)dt = 192 + 1 sin® @ — w; cos

0

effective potential V, (60)

Marin Bukov MPI-PKS



2
e Hamiltonian H(¢) = % = (a)g + Aw cos a)t) cos 6
note: simplified units

> stable inverted equilibrium for A > @),

How large

is large enough?

* idea: use Galilean ‘force potential’ in rot frame to cancel strong periodic drive

> |leading-order effective Hamiltonian

T

1
0 _ ~ _
HYO = TJ Hio (1) dr = =

0

 analyze stabilityatd = =

Marin Bukov

2 A2

L 4
4

sin? @ — a)g cos @

effective potential V, (60)

lr‘

o0
Hp= ) o "H®

n=0

oo

dynamical stabilization

Pty =[] P
n=0

— R 9

T 6

F > Ven

o
m
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2
e Hamiltonian H(¢) = % = (a)g + Aw cos a)t) cos 6
note: simplified units

> stable inverted equilibrium for A > @),

How large is large enough?

* idea: use Galilean ‘force potential’ in rot frame to cancel strong periodic drive

> |leading-order effective Hamiltonian

HO = lJ
r 0

T

p2

2

H_ (1) dr = +A
rot T 2 4_

 analyze stabilityatd = =

2

02V.(0) = w? cos b + A— cos 20
0 eff T 0 2

Marin Bukov

0

I —>

A?

2) :

T

= | A.> \/50)0

sin? @ — a)g cos @

effective potential V, (60)

¢

o0
Hp= ) o "H®

n=0

oo

dynamical stabilization

P(f) = HP(”)(t)
n=0
— R 9
Ju2 6
F > Ven
o

MPI-PKS



Outline »

 Examples

> artificial gauge fields %
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Artificial gauge fields

1 . N2 1 2
e compare: H. (1) = > (p — A sinwt sin «9) — a)g cosf vs. H= 5 (p — A(x)) + V(x)
Kapitza pendulum in rotating frame particle in magnetic field?

Marin Bukov MPI-PKS



Artificial gauge fields

1 . . N2 o 1 2
e compare: H. (1) = > (p — A sinwt sin 9) —wy cos vs. H=-— (p — A(x)) + V(x)

2

> gauge potential but no magnetic field in 1d! particle in magnetic field?
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Artificial gauge fields

1 . . N2 o 1 2
e compare: H. (1) = > (p — A sinwt sin «9) —wy cos vs. H=-— (p — A(x)) + V(x)

2

> gauge potential but no magnetic field in 1d!

— -

e compare: F coriolis = — 2mM@ X v VS. Fioenz = — 9B XV

> artificial magnetic fields from Floquet engineering
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Artificial gauge fields

1 1
e compare: H_ (1) = > (p — A sin wt sin 9)2 — a)g cosf vs. H= 5 (p — A(x))2 + V(x)
> gauge potential but no magnetic field in 1d!
e compare: F coiogis = — 2m@ X 7 VS. Floeny, =—qB X7

> artificial magnetic fields from Floquet engineering

rotating Bose-Einstein condens% superconductor: Abrikosov vortex lattice

NbSe,
type-ll superconductor

scanning tunneling
microscopy (STM)

K TN
K image: MIT / Abrikosov, Nobel Lecture, Rev Mod Phys 76 975 (2004)
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Artificial gauge fields ’ M

qx dy
1 . N2 g 1 2
e compare: H_ (1) = > (p — A sin wt sin (9) —wy cost vs. H= 5 (p — A(x)) + V(x)
> gauge potential but no magnetic field in 1d!
e compare: F coiogis = — 2m@ X 7 VS. Floeny, =—qB X7

> artificial magnetic fields from Floquet engineering

@ting Bose-Einstein condens% /ultracold atoms in optical Iattices\

e quantum simulation of topological insulators

e but: no orbital B-field effects for neutral atoms

Floquet engineered magnetic fields

k image: MIT

Marin Bukov MPI-PKS




Floquet engineering
s g for
MAX PLANCK INSTITUTE quantum SlmU|atI0n

FOR THE PHYSICS OF COMPLEX SYSTEMS

—T 1
WA

MPI-PKS, Dresden

* Floquet engineering: periodic drives ascribe new properties to physical systems

> dynamical stabilization key idea: design fictitious forces

> artificial gauge fields (topological insulators, etc.) in rotating reference frame

| — S

« caveat: driven systems may absorb energy (heat death)

Marin Bukov MPI-PKS



Floquet engineering
for
MAX PLANCK INSTITUTE quantum Slmulatlon

FOR THE PHYSICS OF COMPLEX SYSTEMS

——L
V"

MPI-PKS, Dresden

* Floquet engineering: periodic drives ascribe new properties to physical systems

dynamical stabilization key idea: design fictitious forces

> artificial gauge fields (topological insulators, etc.) in rotating reference frame

R

« caveat: driven systems may absorb energy (heat death)

K School for master students\ ﬂternational Max Plan(h K
/

From quantum simulation PhD Program (IMPRS)

o @ MPI-PKS our research
quantum computing

~

earn more about

www.pks.mpg.de/nqd

- application deadlines:
Q&p 8-12, @MPI-PKS, Dresdy \ Apr 30 / Oct 31 J J
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