


Lecture-1 : Weakly
&ro-Pitzers hIntesting

Base a

Q 1) Consider a many-body system of interacting
particles at temperation T. In the classical regime

of
the May-body statistics, the system/poticus are

distributed
any
the possible status by respecting

Bottamen distribution & 2-F/T.

Whe do the quation nature of the particles start to

reveal themselves and how is the classical distribution

is modified ? How does the partic being Boza or Fermion

change the distribution? How does the concept of
'Church

potential' rise in this context?



1) As we drive the partition function for a system of
E WeN indistinguishable particles E =! implicitly assume

rady tend to somethat the particles occupy
the

eigestate of the single particle Hamiltonian. The system
I I

is supposed to be in the classia started regime
in which the tempectre is supfontly high such that

the avibble thend
energy easily raises the particles

to the excited levels.

As we lower the terpecture, this picture needs to be

revised : No internations)
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Classical stat . mech. de Broglie nonlyth on the same

order
op magnitude with the inter

particle distance
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When the system become deeente' in the sense that

the particle start to
occupy

the save eignstef, the particles

being Bosa or Fermion revise the statistics dramatically :

* Boas can occupy
the scre signtale , wheres Famios

carrot.

This feet is also clear from their distribution functions :



(E)-↑Be
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Where E is thecrazy of the state and t is

the channel potential of the system :

dE= TdS - PdV + N => + =(
S
,
V

For a dgerecte gas, ↑ ELN+1) - E(N) as the additive

of a single particle leads negligible change in both entropys
and volume V. Therefore the share potential can

be

regarded as the energy needed to add a single peride
to the

-

system : = (T(0)~ UfD (T=0) /T
+ 1
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H = EF



= As Ee +, Ane dimages !
As T-O the occupation

I

increases its density new E.
DE(E)

TEO :
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↑ % for an ideal
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state
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of the single particle states

All particles in the some
TRO : ELLE):i ground state .

With every
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As +- So , the # of particu in the ground state, No ,

diveges while the thermal cloud :

N
+
=

still finit,

where the total O particles N= NotN+·

- diverging No
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So if N = +No > N
+ (>E , T), the ondensation

starts !



The conduction criteria :

Tc, = 3) = N

Below Ta ,
the chemic potatod is the ground state energy

since the added particle directly occupies the ground state.
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2) Consider an ideal BEC inside a hamonic oscillator
.

Find the critical tapacture To and the conducte faction
NON for TETc.

2) Isotropic hamain potential :

Vext(F) = 1 mw(x2+y + z3)

The single particle Hamiltain :

El
,

= - Vext()

The eigeenogies are :

Em
,y .

na

= (Rx + My+ nz + =) kw

Where
x. y, 7

= 0
,

1
,

2,..



The ground state waruction

/= -Ye

Since the particles inside the cedente occupy the seve eiguet
at T20

,
it is meaningful to introduce the crept of

macoscopic namferation :

() = N 41)

where N is the opporticles.

This new manquation
nrmeliss the state up

to the intege S/dr > N

instead (14. ~dr = 1.

SAIL-N =) Nit = /A
is the condensate density.



The condensation will occur if NL
, Nc = NT ( Tc , =3)

where 3= kw.
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Zetu-function Gamma function

NT= = NTFN=T

=> 0
.
94 WN's) Critical temperature

Fraction of the conduced particles o <Tc
:

#= 1 - *= 1 top E
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En
3) Until now, me only considered the non-intenting particles .

How came study the interating Bose
gas ? Came drive a

equation go the mastropic wamination of the Box codenate ?
3)

a⑳ I
As
xE

x

d

If d> as , the system can be regarded as weakly

intenting : n= - 1
asn 1

-> /naj 1 Condition for the weakly interacting regimeJ



For a weekly intesting system, one can model the intention

between two particles as 'contact potential' or 'Ferri

poot-potential' :

Vint() = gf(
coupling optutet (First order

Born approximation)
The Hamiltonian of the weekly intecting Box

gas
with

N particles under a extend potential Vext(r)

F = Kinetic + Extend portati + Interaction potential

=
Vext()

-
Vint(



=> The interatio Amiltonia can be written for
the ortact potential as :

Wint= Vint(i)

= gES(F-)
i= 1j2i

+Next II joi

-

-Pitaushiapproach : Product-state cassett

Assume all the particles occupy
the same quatun state

Off) :

Ele... )=
O(i) is not necessarily the eigustat of

the re-intesting



single particle Hamiltonian :

Next()
since the system is now changed by the troparticle interaction

So one of the
limits to check to see if the product state crsel

yields a masopic unfunction correctly : geo.
The solution in the limit should conveye to the solution

of the Schidinger equ .

with the Hamiltonia ;

In order to find the stateI(F)
) using the

variation

approach , we follow the steps :

⑧Find ..) /E .-)> = E

& Minimize the energy
E with the constraint that

the fold op particles N is conserved :

Guide the function E(47-fN(4) and

8/E[H]-+N(4)) = 0 ->



To (Functional variation w.r
.

t. 4
*)

① -(A) ..) =

where I ... l = #OI) and

# + ext +g
ji

* Extenel potential /VIEL
N

=> (drdi. .. ( ) E Vettol (h)
- far r Vetl)e) (+ 2) =

= L

= N . (d .
) Vext(r) &1)

= (4%/ Vel (F) , when <1)



Kinetic energy
<II() :

= J...d) (0
where i

= in
i Bi= -i

= Str. ) .Either f. dr,
-

= I

+ Stre . (e)if She
= I
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Internation
energy /VintlEL :

=Sid IgE
= Side El - g . SIE) DF)DE)
S -

= L. )↑OI)~

i zs....

+ (13) + (14) - .
+ (23) +2 .41 . -

. - + (N- 1
,
N)

=St (i) () g PPI) + ( ,3)+
4 . .

+ .

= gf. (P .( + (23) + ( 3) + .. +(2,3) +. -

= gS . ( + .

How
many

terms ? (N - 1) + ( -2) + .. + b =
1

E if NL.



= /VintlEL = N S Ill

= I = . SPInL)R

There , the told energy faction becomes :

E=Si Ver .E + I

where N = S&F .

14 and <L = I O(F)

=> E-N =SSAVE N

+ 14(1)" - ↑ MIRY
Remember that IHITEs **2 (541= (*4*)(54)

(4(5)/"= 2
*

244



② Function Variation = 0 :

(d / VexH +-M=

Consider (Sar (Next)-5) MM

- St (Vext-H).

Put
Similarly

,
-) =

2 .4

f
*

= 2144

LE C =

- ( )
Su

integration =- +4
be puts!



Therefore,

S [ -Y( + Vext() +glYH
- 41] = 0

=> The Gros-litali equation (time-independent frm) :

-> + Vext() /) + g(YIP4=4Ir

Schidinger equ: (time-independent form)

FH() + VE(4) = EH()-

② GtO and ++ E .

The channel portatio + is the cigastet energy E

of the sta 4/r
when to

, expectedly !



& The equatio is liner diets the 14
turn !

③ p = glit pr a longue condrats without

external potactice

Egn
: The cragy needed to add on extra

particl : F
= E(N+ - EIN) = gro.

④ Time-dependent form can be obtained by minimizing

the action S= [drft .(Reli 2: 4) - E(4,4 ++ /45] instead of
E-fN :

7Vet +glEE

instead of fee energy
F-E-N



⑤ Veg E
---

Single particle Interetie

Hamiltonia amay
the particles)

The condensete particles

Peel the interation as if

it is inside a menfield
Of gIICR !

* It is a scontent enfield they
in the sense that the solution EIF) depends
on the meanfield interaction created by IEP !

* Single partick operate energy & N

* Two-body internation energy &N2



4) What are the legth/energy scales of the GP equation

What is the Thomas-Fermi limit? What is the healing
leyth of the condensate?

4) - + Vet4 + gH4 = +Y

E =Sar Y+ VextEll + gIp 3
- - -

Kinetic External Intractio

every potential energy exy

density denity density

Consider the uniqum condensate : Vext() = O

54= 0

-
n(r)

= = gl4 = gn + o

-

r



Now look for solutions that include a perturbation/hich
in the condensate :

~n()

+
length : The lyth of the conduct

to 'heal' itself into the ciprn
cadusate density in the absence

of external potential .

= glY- gu
↑

zognoHealing legi



Healing byth most exceed

interparticle spacing in
GP

formalison .

Now assure that the conducte unrequation is sufficiently
smooth such that the kinetic

energy
term is negligible

with respect to the external potential and interaction

energies :

- + Vext 4 + gl4P4 = +4

Vent(4(r) + 144(r) + Y(o)

=> IIHY= ↑

This is the TF limit. This limit can geedly
be realized Ro officiently high op particles N,

since Ent &N

Ehin & N .



In the TF limit,

Vext(o) +gulrt = + n(F)=
t

g

The cheme potential + can be calculated by
the constraint (()dN

d= N
.

Another importat lythsade is the hemonic ocillate

byth scale :

=Em
-



5) Find the Thomas-Fermi solution of the Boxe conduct

in an isotropic Boxe condensate,

5)
n1r= /Y

g

Vextlit = Emir = nirl=w

g
en(r)

Emi =+-
I

↑2T
I RIFT
r

RTF

In the TF limit
,

there exist a finite radius at and

abov which (20!
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↑C (gNP n(r) = mar
↓
These prabla !

a
n(r) (Schodinger equ

~
TF solutionwidest

)

*
limit

indo



6) For to solve the GP equation numerally?

Joginary time evolution to solve the ground state of

the interacting Boxe condensate.

Consider a gened for of a time-deoprent equation :

it = #4

The aim is to find the ground state maquation 46s

Any umquatio I can be expanded in term of the eigetches

including : H= min , n= GS
,

1
.

2...

4H) = CH4g + GH4, +C +.. -



in (4) = #4

it O CY,
+ .. J = A(GCH4,)

it 24c + 1, a + .. ] = C . Es4p + . #, 4, +..

(dr* S .. E =GE
4H =

Eith
2;

i = GS

Now consider the following hypthetical evolution :

in = A-- = AY =
+-zi



- h = F = 4(z) = =e
- Eiz/
hy

;
i = GS

4(z)= e
- Fost/2

6) +
e

-E1z/ 2
,
+ ..

For a suppiciently long evolution in imaginary time , the only term

that survive is the grand state : 4 s / since Egg < Eis

)x 40
Iginay time algeithm :

& Assign an initial wasperation init

& 4 = init - Elinit . D2, when (
=H(4init]

& Renormalize (14:↑dr = N .

& Calculate +: #44

⑤ Check #4-54 to converge

⑥ Repeat (2-6) .



7) Compare the solutions of the nointesting limit of

GP equation (Schrdinger eg .) , analytiad solution of TF
limit and the numeral solutio of the GP eqution.

Discuss in which limits the numeral solution approaches
the Schroding equ and TF solution.


